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ABSTRACT

This research investigates the feasibility of a novel hybrid parachute-to-propulsive re-
covery architecture in which an active Thrust Vector Control (TVC) system arrests
wind-driven pendulum oscillations and delivers a soft vertical touchdown after main
chute deployment. A 3-Degree-of-Freedom simulation of a 78kg high-fineness-ratio
sounding rocket was developed in MATLAB and Simulink, incorporating coupled
mass-inertia dynamics, apparent-mass and Munk-moment effects from potential-
flow parachute theory, time-varying propellant depletion, and a NASA-verified Dry-
den turbulence model with MIL-F-8785C discrete gust and logarithmic shear compo-
nents. The plant was validated against flight data from a comparably dimensioned
airframe, reproducing the characteristic pendulum energy band with statistically
equivalent stochastic structure. A phased Linear Quadratic Regulator with dynamic
lead compensation, gain-scheduled damping, stabilization, and flare modes, and a
hard-coded thrust override for off-nominal recovery, was armed at 200 m altitude.
Across 300 Monte Carlo runs under realistic turbulence, the controller achieved a
70 £ 5.2% success rate against strict terminal constraints (lv.| < 3 m/s, |0] < 5°).
Mean propellant consumption of 12.6 kg represents approzimately one-third of the
mass required for pure powered-descent guidance in equivalent conditions. The re-
sults demonstrate that integrating optimal control with high-fidelity coupled-body
and atmospheric modelling provides a propellant-efficient, experimentally accessible
recovery architecture for sounding rockets, and establishes a framework in which
controller failure reverts to a survivable parachute landing rather than vehicle loss.

1. Introduction

of parachute recovery drove refurbishment cycles down
from months to days [7], and even PLD Space’s MIURA

The global transition toward rapid rocket reusability has
necessitated a fundamental pivot from passive recovery to
precise, autonomous vertical landing architectures, with
launcher reusability now widely regarded as the most ef-
fective mechanism for reducing the cost of access to space
[1][2]. Parachute-based systems remain the historical stan-
dard due to their mechanical simplicity and mass effi-
ciency, and continue to see active development for small
launchers such as PLD Space’s MIURA 1 and Rocket
Lab’s Electron first stage [3][4]. However, they are increas-
ingly viewed as a bottleneck for high-cadence operations
[5]. Although aerodynamic drag reliably delivers a sur-
vivable terminal velocity, a canopy-borne vehicle lacks the
control authority required to regulate descent attitude or
navigate to a precise geospatial target [6]. The operational
consequence is well documented: SpaceX’s abandonment

1 designates its pyrotechnic initiators, reefing cutters, and
riser extensions as single-use despite a three-flight reuse
target for the airframe [3]. Compounding this, a slender
body suspended under a canopy behaves as a forced pen-
dulum subject to stochastic atmospheric perturbations,
producing coupled horizontal and rotational velocities at
touchdown that make stable vertical ground contact phys-
ically unachievable [8][9]. Passive recovery therefore rep-
resents a technical compromise that prioritises hardware
survival over the operational precision demanded by true
rapid reusability.

To address these limitations, the leading launch
providers have pivoted to Powered Descent Guidance
(PDG), executed as highly dynamic “suicide burn” or
“hoverslam” manoeuvres that exploit Thrust Vector Con-
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trol (T'VC) for high-authority regulation of both attitude
and trajectory [2][10]. While PDG delivers pinpoint re-
covery, it operates within narrow propellant margins and
imposes a substantial payload penalty: reserved landing
propellant and landing-hardware structural mass directly
erode payload fraction relative to expendable configura-
tions of equivalent gross lift-off weight [2][10][11][12][13].
This trade-off becomes particularly acute at the small-
vehicle end of the market, where absolute propellant bud-
gets are tight and every kilogram reserved for landing is
a kilogram unavailable for payload which is precisely the
regime in which high-power sounding rockets and emerg-
ing microlaunchers operate.

This research proposes a hybrid architecture in which
the parachute absorbs the energy-intensive bulk decelera-
tion phase, preserving the propellant mass fraction, while
the TVC system engages only in the terminal phase to neu-
tralise wind-induced pendulum oscillations and deliver a
soft vertical touchdown. Beyond propellant efficiency, the
architecture functions as an inherently low-risk testbed for
experimental flight software: a TVC malfunction in con-
ventional PDG typically terminates in catastrophic im-
pact, whereas, under the proposed scheme, the canopy
guarantees a survivable terminal velocity even in the event
of complete propulsive failure. The existing literature
has largely developed these two recovery modes in iso-
lation. PDG studies (Botelho et al. [2], Kamath [10])
assume quasi-rigid descent and neglects forced canopy os-
cillations. Parachute-dynamics work (Dobrokhodov et al.
[14], Guglieri [15]) rigorously characterises pendulum and
apparent-mass behaviour but treats the payload as un-
powered. Small-scale TVC work (dos Santos and Oliveira
[16], Linsen et al. [17]) targets ascent-phase stabilisation
and reverts to passive recovery for descent. Parachute-to-
propulsive recovery has operational heritage in the capsule
domain with the Soyuz retrorockets since 1967 [18] and
Viking-class throttleable engines since 1976 [19] and was
proposed for pendulum-damping the Orion capsule [20]
and SpaceX DragonFly capsule [21]. In every case the
airframe is aerodynamically blunt, the parachute is jetti-
soned or uncoupled before propulsive firing, or no closed-
loop control of canopy-pendulum dynamics is attempted.
No existing framework unifies canopy-suspended slender-
body dynamics with a closed-loop thrust-vectored land-
ing burn. This motivates the central research question
of this work: can a phased optimal controller, driving an
active TVC system on a slender high-fineness-ratio sound-
ing rocket, autonomously arrest wind-driven pendulum os-
cillations after main parachute deployment and deliver a
survivable vertical touchdown, while consuming a small
fraction of the propellant required for equivalent powered-
descent guidance?

Accurately characterising this transition requires the in-
tegration of stochastic atmospheric modelling with high-
fidelity coupled dynamics. A rocket suspended under a
canopy is governed by apparent-mass effects, where the
inertia of the air entrained by the vehicle, and the Munk
moment, a destabilising torque that acts to orient slen-
der bodies perpendicular to the flow [14][22]. This work
unifies parachute aerodynamics [15], propulsive-landing
guidance [23], and optimal control [24][25] inside a sin-
gle 3DOF MATLAB/Simulink environment, that resolves
propellant depletion, time-varying CoG and inertia, and

apparent-mass coupling, excited by NASA-verified Dry-
den turbulence [26][27], and validated against 6DOF IMU
telemetry from a comparable sounding rocket [28]. Within
this framework, a phased Linear Quadratic Regulator
(LQR) optimises the recovery manoeuvre, balancing verti-
cal alignment against the saturation limits of the TVC ac-
tuators. The control architecture is designed to satisfy the
terminal constraints required for hardware survival: a ver-
tical touchdown velocity below 3 m/s and a pitch attitude
within +5° at ground contact [2]. The Waxwing airframe
[29] serves as the reference case because its 20:1 fineness
ratio, 3.49m toroidal canopy, and 65—-78kg mass class place
it squarely within the regime in which PDG payload penal-
ties are prohibitive but parachute-only touchdown dynam-
ics exceed survivable limits for liquid-propulsion hardware.

1.1. Aims and Objectives

This research investigates the feasibility of a hy-
brid canopy-to-propulsive recovery architecture for high-
fineness-ratio sounding rockets, and aims to establish,
through a high-fidelity, flight-data-validated 3DOF sim-
ulation, that an active TVC system can autonomously
arrest a wind-driven pendulum descent and deliver a
soft vertical landing under stochastic atmospheric load-
ing, thereby offering a new perspective on the reusabil-
ity—payload trade-off for small-scale vehicles.

To achieve this, the project satisfies the following objec-
tives, utilizing a combination of flight-test data, industry-
standard atmospheric models, and control theory:

e Correlate the simulated coupled-dynamics plant, includ-
ing apparent-mass and Munk-moment effects, against
6DOF IMU flight data from a comparably dimensioned
airframe, targeting dominant-peak agreement within
the 0.1-1Hz pendulum band and matched PSD roll-off.

e Implement a Dryden turbulence model with MIL-F-
8785C discrete-gust and logarithmic-shear components,
and verify against NASA Langley LaSRS++ acceptance
criteria (zero-mean outputs within £0.003, near-unity
variance ratios, PSD reconstruction of the ideal spec-
tra).

e Design and tune a phased LQR that neutralizes wind-
induced oscillations, and quantify its robustness though
a Monte Carlo campaign (N > 300) against strict ter-
minal constraints: |v,| < 3 m/s, 0] < 5° in > 70% of
runs.

2. Methods

The terminal recovery manoeuvre is modelled as a cou-
pled planar dynamics problem in with a high-fineness-
ratio airframe, suspended from an inflated main canopy,
must be actively stabilised by a gimballed liquid en-
gine and brought to a soft, near-vertical touchdown un-
der stochastic atmospheric disturbances. The simula-
tion is built in MATLAB and Simulink as a 3-Degree-of-
Freedom (3DOF) environment covering pitch-plane mo-
tion, structured into five loosely-coupled subsystems in-
teracting through a shared state vector at each 1kHz in-
tegration step (fig. 1). All variable names and definitions
can be found in Appendix A; full derivations and verifica-
tion are found in Appendix B.

2.1. Reference Vehicle and Mission Scenario

The vehicle investigated in this study is based on the
Waxwing high-power sounding rocket [29] developed by
HyPower Bristol for the 2025 European Rocketry Chal-
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lenge (fig. 2), augmented with a liquid-propulsion system
capable of deep throttling and active Thrust Vector Con-
trol. Key parameters are summarised in Table 1.

Figure 2: Waxwing reference airframe. The 3.97m
airframe retains the 20:1 fineness ratio and slender-
body aerodynamic sensitivities characteristic of high-
power sounding rockets. The base configuration was aug-
mented with a liquid-propulsion module providing deep
throttling authority and an active TVC mount, enabling
the autonomous vertical landing manoeuvre investigated
in this study.

Table 1: Reference Vehicle Parameters

Parameter Symbol Value Unit
Total Length L 3.97 m
Airframe Diameter d 0.2 m
Maximum Thrust Trax 5000 N
Specific Impulse Isp 180 s
Max Gimbal Angle 42 10 deg
Chute Diameter denute 3.49 m

The mission profile (fig. 3) begins at & = 400m under
the fully-inflated toroidal canopy with an initial pendu-
lum displacement of 6y = 10° representing observed post-
deployment transients [6]. The LQR arms at 200 m and
transitions to terminal flare at 25m; successful touchdown
requires v, < 3 and 0| < 5° h =0 [30][2].

§2.7 Control law

§2.5 Engine and TVC Model

Altitude (m)

P1 — Passive descent

400 Canopy-borne, v, ~ 8 m/s
P2 — LQR activation
Ignition, damping, hold
200 200m: LQR

P3 — Terminal flare
Target v, = 1.8m/s

P4 — Touchdown
lv.| < 3m/s, |6] < 5°

Time

Figure 3: Mission concept of operations. Phase 1 — Pas-
sive canopy-borne descent from the 400 m simulation start
at v, =~ 8 m/s terminal velocity. The 400 m headroom al-
lows atmospheric disturbance filters (§2.4) to reach steady
state before control activates. Phase 2 — LQR activation
at 200 m, chosen to provide a &~ 25 second time-to-impact
budget, sufficient to arrest inherited angular momentum
within the linear-authority envelope (§3.1.4.4). Phase 3
— Terminal flare at 25 m with target v, = —1.8 m/s to
bleed off residual vertical velocity. Phase 4 — Touchdown
with v, < 3 m/s, || < 5°, thresholds set by landing-leg
survivability and tip-over prevention.

§2.3 Equations of Motion

Controller T Sema
_cmey eme!

Engine & TVC P T8

Plant

> phased LQR with throttle dynamics 3-DOF coupled dynamics,
lead compensation + gimbal servo T ’ ' apparent mass, Munk moment
KXnoise T KXtarget o _
§2.1 Mission scenario X, X

Reference

mission target Xtarget

Sensors & navigation

IMU + GPS,
complementary filter

Atmospheric model

wind shear + gusts
+ Dryden turbulence

" §2.6 Sensor Model

§2.4 Wind model

Figure 1: Closed-loop simulation architecture. The Plant (§2.3) propagates the 3DOF state under external forces and
moments, with translational and rotational dynamics coupled through the apparent mass of the entrained air. The
Wind Model (§2.4) injects a three-component stochastic disturbance validated against NASA acceptance criteria. The
Engine & TVC Model (§2.5) reproduces first-order lags, rate limits, and ignition transients of the Waxwing’s liquid
engine and TVC mount. The Sensor Model (§2.6) corrupts the true state with noise, bias, and latency matching
the on-board IMU before a complementary filter blends the result with GPS corrections. The Controller (§2.7) is a
phased LQR with lead-compensated error, gain-scheduled weighting, and two safety overrides above the optimal loop.
Colours denote functional role; dashed outlines and § tags mark the report subsection describing each subsystem.
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2.2. Reference Frames and State Vector

Three right-handed frames resolve the planar dynamics
(fig. 4): a North-East-Down inertial frame Z, a body-
fixed frame B at the instantaneous CoG, and a propulsion
frame P rotated from B by the commanded gimbal an-
gle . Earth-rotation effects are neglected given the short
landing-burn duration [31][23]. The planar rotation ma-
trices RB!, R'B and RFP are given in Appendix B.1.

Center of Gravity
Gimbal Pivot

Figure 4: Reference frames and geometry. The inertial
frame is fixed at the deployment point with z! directed
downward along local gravity; altitude and touchdown
constraints reference this frame. The body-fixed frame has
origin at the instantaneous CoG with z? aligned with the
longitudinal axis toward the nose, used to resolve aero-
dynamic forces, moments, and the coupled-mass matrix
(§2.3). The propulsion frame attaches rigidly to the gim-
bal assembly: the thrust vector is defined along +z%, and
transformation back to B through RTZ yields the lateral
thrust component driving controllable TVC torque. Pitch
angle # and gimbal angle § are shown.

The complete dynamics of the system are resolved by
the interaction between the state vector X and the control
input vector u. The 3DOF state vector is defined as:
ol vl 98 WBT

»Yxy Yz

(1)

This vector is mapped against the control inputs provided
by the Thrust Vector Control and throttling systems:

Xspor = [!, 2!

wzpor = [T,6]" (2)
Where T represents the engine thrust magnitude and §
denotes the gimbal deflection angle.(B.2)

2.3. Plant Equations of Motion

The dynamic behavior of the Waxwing vehicle, and the
internals of the Plant block in Figure 1, are modelled as a
coupled hydrodynamic body rather than an isolated rigid
mass. Because the airframe descends immersed in a mov-
ing fluid while tethered to a large canopy, its translational
and rotational responses are linked through the inertia
of the air it entrains, known as the apparent mass effect
[14]. Neglecting this coupling, as standard point-mass
parachute simulations do, systematically underestimates

the low-frequency pendulum energy and the destabilising
Munk moment that the controller must reject.

2.3.1 External Forces

Translational motion is driven by the sum of gimballed
thrust, parachute drag, and gravity derived in Appendix
B.5. Resolving in the inertial frame:

F,=Tsin(@ —6)— D,,F, =—(Tcos(d —6)+ D) (3)
with drag magnitude D;otq; = %pvfelmw Cy Achute [22]
resolved along the instantaneous relative-wind direction.
The relative velocity vy.e; = V — Vying combines the three-
component wind field supplied by the Wind Model (§2.4).

2.3.2 External Moments

The rotational dynamics of the Waxwing vehicle are gov-
erned by the sum of moments acting about the Center of
Gravity. To ensure a high-fidelity representation of the
landing burn, the model incorporates four physically dis-
tinct pitching moments. Full derivations can be found in
Appendix B.6.

The total pitching moment XM, is the algebraic sum
of the components derived below. This assembly repre-
sents the competition between the stabilizing parachute
and control torques against the destabilizing Munk effect
and atmospheric resistance:

chute

(4)

z:J\Iy: Tchute + TT +Tdamping+ Tmunk
—— ~— ——— ——

Stabilizing ~ Control  Resistance Destabilizing
Parachute restoring torque — the drag force, ap-
plied at the pivot L, ahead of the CoG, produces a pen-
dulum restoring moment that acts to return the airframe
toward the relative-wind direction:
Tehute = —Dg - Ly - cos(8) — D, - Ly, - sin(0) (5)
This is the primary passive stabilising moment in the sys-
tem [14].
TVC control torque — nozzle deflection generates a
lateral thrust component at moment arm Ly:
7p =T -sin(d) - Lr (6)
This is the only actively controllable moment and what
output of the Controller in Figure 1 influences.

Munk moment — the parachute-rocket system en-
trains different volumes of air depending on its direction
of motion relative to the canopy axis. Axial translation
(along the canopy’s symmetry axis) accelerates a large
air mass characterized by the apparent-mass coefficient
ass3, while transverse translation displaces a smaller vol-
ume characterized by a11. When the system has non-zero
velocity components in both directions, these two appar-
ent masses experience asymmetric momentum exchange,
producing a pitching torque about the centre of gravity:

(7)

For a canopy-dominated system ags > a11 [14], which gives
the torque a destabilising sign: any transverse velocity
component generates a moment that rotates the airframe
further into the relative flow rather than away from it. Al-
though this torque shares its mathematical form with the

Tmunk = 7(@33 - all)vazB
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classical slender-body Munk moment developed for air-
ships and missiles [32][33], the physical origin here is the
canopy’s apparent-mass asymmetry rather than the air-
frame’s slender-body aerodynamics. This is the primary
aerodynamic instability the controller must actively reject
when disturbed.

Body-relative damping — modelling the airframe
as a cylinder rotating through still air, the local veloc-
ity at station r from the CoG is vjpeqi (1) = vZ + wr, and
the damping torque follows by integrating elemental drag
forces along the body:

L
r1
Qd:—/L §p~d~0dbody-(vf+wr)|vf—|—w7“|~7“dr (8)
—LT

The integral is evaluated numerically using a 50-point
trapezoidal rule [34]. This term provides amplitude-
dependent rotational damping that enters the passive sta-
bility analysis of Section 3.1.1.

2.3.3 Apparent Mass Coefficients

The apparent-mass terms are derived from potential-flow
results for the parachute-payload system following Do-
brokhodov et al. [14], referenced to the canopy’s hemi-
spheroidal air slug as characteristic volume. The axial
term ass represents the air mass accelerated longitudinally
with the canopy; a1 represents the air mass displaced in
sideways translation; a44 is the rotational apparent iner-
tia about the body pitch axis; and the coupling coefficient
k15 captures the kinematic link between transverse trans-
lation and pitch rotation imposed by the canopy tether.
Numerical values for kq1, k33, k44, and ky5 follow the Do-
herr classical set scaled for the Waxwing canopy geometry
and are listed in Appendix B.3.

2.3.4 Coupled Mass Matrix

To find the instantaneous accelerations, the system of
equations is solved by multiplying the inverse of the Cou-
pled Mass Matrix by the vector of summed external forces
and moments:

(m+a) 0 Kiotal i SFP
0 (m + ass) 0 vB| = |SFP
Kiotal 0 (Is +aaq) | |&P xM,
9)
with off-diagonal coupling Kyprar = —k15 - mq - Ly [14].

The axial row remains decoupled because longitudinal de-
scent does not itself induce rotation, but the (v,, w) block
is fully coupled: a gust-induced sideways velocity imme-
diately generates a pitching acceleration, and vice versa.
The system is solved each time step by direct inversion
of M,,qt; body-frame accelerations are then transformed
back into Z via R'P for numerical integration using a
fixed-step RK4 scheme at 1 kHz. See Apendix B.7 for
full mass matrix and state derivative assembly.

2.4. Wind Model
The Wind Model block in Figure 1 supplies a disturbance
velocity field to the Plant, represented as a superposition
of three physically distinct classes added in the inertial
frame and ramped from zero over the first 2 seconds of
simulation to prevent spurious initial transients:
Vwind = Umean T Vgust + Viurd (10)
The mean horizontal wind follows a logarithmic
boundary-layer profile [35]), ensuring that surface-relative

wind decays realistically near touchdown and avoids the
“lateral slide” artefact in which a low-altitude vehicle is
carried sideways by a wind that does not physically ex-
ist near the ground [36]. Discrete gusts use the MIL-
F-8785C 1-cosine spatial profile [37] rather than step in-
puts, producing a smooth velocity pulse as the vehicle tra-
verses a gust pocket of length L,,. Continuous turbulence
uses the Dryden spectral model with altitude-dependent
scale lengths from MIL-F-8785B [26][27]: a single first-
order shaping filter for the longitudinal component and a
cascaded two-stage filter for the vertical. Following the
NASA Langley LaSRS++ methodology, a zero-order hold
is used on the first filter stage and a first-order hold on
subsequent stages; using FOH throughout causes 7-19%
variance loss and falsifies the turbulence energy the con-
troller is tested against. Filter forms, coefficients, and full
validation against NASA Langley acceptance criteria are
given in Appendix C.1.

60 1
501
=2 40 =
o o
g g
30 g
=3 S
= S
o 204 =y
10, e ReCONStTUREE
== wm= w== [deal Dryde
0 1071
0 0.01 0.02  0.03 10°
Q (rad/m) Q (rad/m)

Figure 5: Dryden turbulence verification against NASA
Langley LaSRS++ acceptance criteria. Linear-scale (left)
and log-scale (right) PSDs for longitudinal and vertical
gust components. Statistical validation across 6x 107 sam-
ples: longitudinal mean 0.0026, variance ratio 1.0010; ver-
tical mean 0.0017, variance ratio 0.9943, both inside the
NASA-specified £0.003 mean envelope and unity-variance
target. Near-perfect overlap of reconstructed and ideal
spectra across both scales confirms the ZOH-first imple-
mentation preserves low-frequency energy where pendu-
lum excitation is concentrated.

2.5. Engine and TVC Model

The commanded thrust and gimbal angle (Temd,dcmd)
emitted by the controller are not realised instantaneously
at the nozzle. The Engine & TVC Model block in Figure 1
captures the dominant non-idealities of both subsystems.
The engine model incorporates an ignition delay tqclay,
representing valve actuation and manifold priming and,
once combustion is established, an ignition pressure spike
is modelled as an exponentially-decaying overshoot. Sub-
sequent throttle changes follow a first-order lag of time
constant 77, with the commanded rate of change subject
to a hard throttle rate limit Ty,,x. Similarly, the gimbal is
subject to a first-order servo-actuator lag with time con-
stant 75, a slew rate limit 0. = 45° /s reflecting actuator
torque limits, and a hard angular saturation at d,,, = 10°
representing the structural envelope of the gimbal hous-
ing. All parameters fitted directly to BristolSEDS Experi-
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mental Propulsion’s Engine-1 and the integrated Waxwing
feed system during the 2025 full-stack flight-qualification
hotfire campaign [38]. Full equation derivation and con-
stants justification can be found in Appendix C.2.

2.6. Sensor Model

The state feedback reaching the Controller is not the true
plant state X but an estimate X produced by the Sensor
Model block in Figure 1, which reproduces the dominant
non-idealities of the on-board Waxwing avionics across
three subsystems. The IMU model, based on the Mu-
rata SCH16T-KO01 [39], applies a 250 ms boot-up delay,
datasheet-specified Gaussian noise and constant bias on
each channel, and hard clipping at £300° /s and £80m/s?;
the gravity vector is added in the body frame so that the
accelerometer reports specific force rather than kinematic
acceleration. The GPS model, based on the u-blox MAX-
M10S [40], runs at 10Hz with a 1.0s hot-start time-to-first-
fix and position and velocity noise at the datasheet CEP
and velocity-accuracy specifications, sample-and-held be-
tween update ticks. The navigation computer implements
a GPS-aided complementary filter that treats the IMU
as a high-frequency short-term source of truth and GPS
as a low-frequency correction, with an accelerometer tilt-
correction term gated to activate only when the measured
specific-force magnitude lies within 0.5m/s? of g to reject
the term during high-thrust manoeuvres. Full parameter
values, filter gains, and numerical integration detail can
be found in Appendix C.3.

2.7. Control Law

The Controller block in Figure 1 is a phased Linear
Quadratic Regulator (LQR) with gain-scheduled weight-
ing matrices and a lead-compensated error signal. The
LQR was selected over PID for its principled handling of
multi-input /multi-output coupled dynamics [41] since the
Waxwing plant has two inputs (7', §) and six states with
non-trivial cross-coupling through gravity and through the
coupled mass matrix and chosen over nonlinear methods
such as MPC for computational efficiency on a resource-
constrained flight computer [11][12].

The controller architecture presented here, a four-
gate redundantly-activated phased LQR with lead-
compensated error and hammer override, is, to the
author’s knowledge, a novel combination for hybrid
parachute-TVC recovery. Prior work on PDG uses single-
phase LQR or MPC without parachute coupling and prior
work on parachute-coupled vehicles does not include active
TVC (§1). The phased architecture is necessitated by the
transition between regimes. The main controller (named
“L”) executes a deterministic sequence of operations at
each time step, shown in Figure 6. Each invocation reads
the current estimated state, determines whether the ve-
hicle is in a safe operating envelope, decides whether to
activate or remain passive, selects the active control mode
and reference, computes the optimal feedback command,
applies physical saturation and emergency overrides, and
finally emits a control input to the actuator subsystem.
The remainder of this section walks through that sequence
in execution order. Detailed explanation of alternative,
less agressive controller “R” layout seen in Appendix D.1.

2.7.1 Lead Compensation
At each invocation, the controller first extracts the subset
of the estimated state it operates on. To compensate for

the combined actuator and sensing lag, the attitude er-
ror is then computed against a predictive pitch estimate
rather than the instantaneous value [42]. The lead time is
not static, it scales with the angular rate to provide more
aggressive anticipation during high-frequency oscillations:

Tiead = 0.12 + min(0.10, |w]| - 0.02) (11)

epred = (9 +w- Tlead) (12)

This ensures the LQR feedback commands are ahead of
the physical rotation, effectively neutralising the momen-
tum of the airframe before it reaches peak deflection. The
bounds of 0.12-0.22s were selected to match the combined
sensor-plus-actuator lag measured on the physical avionics
stack.

2.7.2 Predictive Recovery

Before any control computation, the controller checks
whether the vehicle is in an operable attitude envelope. If
|6] > 50° or |w| > 160° /s, the vehicle is considered uncon-
trollable by the LQR and the controller enters a recovery
state in which thrust is forced to zero (v = [0,0]). In this
state, the passive parachute restoring torque (§2.3.2) is al-
lowed to do the work of bringing the airframe back toward
vertical without the destabilizing influence of misaligned
thrust [43].

The recovery state exits only when one of two condi-
tions is met. If the attitude and rate return to within the
controllable envelope, or if a time-to-impact calculation
indicates that a ground collision is imminent within 2.5s,
control is relinquished back to the LQR, even if the ve-
hicle has not fully stabilised, since at that point the cost
of losing altitude without any active control exceeds the
cost of attempting a non-ideal LQR solution. Otherwise
the controller holds recovery mode and re-evaluates on the
next tick.

2.7.3 Activation Check

If the vehicle is inside the operable envelope, the controller
then decides whether to arm the LQR at all. The landing
burn can be triggered by any of four independent logical
gates, preventing a single-sensor failure from aborting the
burn:

1. Flare Proximity: Immediate activation if altitude (h)
falls below the critical flare threshold.

2. Existing Combustion: If the engine has already
achieved minimum thrust (7,;,) due to a manual or
timed override.

3. Apex Detection: Activation at the “top” of a pen-
dulum swing (w < 3°/s) within a secondary altitude
window, allowing the controller to begin damping at
a point of minimum kinetic energy.

4. Hard Floor: A safety-critical altitude (hqct_min) that
forces activation regardless of attitude or velocity.

If none of the four gates is triggered [44], the controller
emits v = 0 and the vehicle remains in passive descent
under the parachute alone. If any gate is triggered, exe-
cution proceeds to target selection.
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Figure 6: Controller architecture. Colours: orange = pre-
dictive recovery, violet = activation, blue = mode selec-
tion, green = LQR + safety.

2.7.4 Mode Selection

Once armed, the controller switches between three dis-
tinct operational modes based on the magnitude of the
pitch rate and the current altitude [45], A hysteresis
band around the rate threshold prevents “chatter” (rapid
switching) near the transition: damping mode engages
when |w| > 10°/s and releases only when |w| falls below
3°/s.

e Flare mode: engaged at low altitudes (A < hgare).

The weighting matrices are set to Kqare, which shifts
the LQR’s priority onto vertical velocity, targeting a
soft-touchdown reference vi*f = —1.8.

e Damping mode: engaged when the pitch rate is above
the hysteresis threshold. The weighting matrices
Kgamp prioritise the neutralisation of angular mo-
mentum. Under extreme rotation (jw| > 40°/s) the
controller temporarily shifts its reference pitch to the
instantaneous current angle, #*°f = @, to prevent the
LQR from “fighting” a large momentum build-up and
focus exclusively on rate reduction.

e Stabilisation mode: the default branch when neither
flare nor damping conditions are met. The weighting
matrices K, hold the vehicle at 6% = 0.

2.7.5 Feedback Law

Once the phase-specific weights and reference are fixed,
the controller forms the error vector:

Xerr = Xcom‘,rol - Xtarget (13)
and applies the state-feedback law
Bu = _KXerr (14)

The gain matrix K is obtained by minimising the infinite-
horizon quadratic cost

J = /oo(a:TQx +ul Ru) dt (15)
0

which balances state tracking error (via Q) against actua-
tor effort (via R) [25][41]. The solution follows from the Al-
gebraic Riccati Equation ATP+PA—~PBR™'BTP+Q =
0; the linearised A and B matrices about hover capture
the gravity—pitch coupling and the TVC moment-arm ef-
fectiveness, and are given in Appendix D.2 and D.3 [25].

Before the command reaches the actuator, the gimbal
magnitude is clipped to the physical envelope |dcma| < 10°
(§2.5) to prevent the LQR from requesting commands the
hardware cannot execute.

2.7.6 Hammer Override

The “Hammer” mode is a hard-coded safety override de-
signed to prevent ground impact during failed damp-
ing maneuvers. The controller ignores the LQR’s opti-
mized thrust command and forces the engine to Maximum
Thrust (T)nq.) under two conditions:

1. Low-Altitude Instability: If the angular rate is high
(> 30°/s) while the vehicle is below 50 m.

2. Excessive Sink Rate: If the vertical descent velocity
(vp) exceeds -12m/s, indicating the parachute drag
is insufficient to meet touchdown constraints. This
hierarchy ensures that while the LQR handles the
“elegant” transition to landing, the system possesses
the raw authority to prioritize vehicle survival during
edge-case scenarios.

3. Results and Discussion

Results are organised as a four-stage cross-validation chain
(§3.1.1 analytical, §3.1.2 flight-data, §3.1.3 nominal trajec-
tory, §3.1.4 Monte Carlo), each stage tested against an in-
dependent reference rather than internal consistency. In-
ferential statistics anchor the principal claims: bootstrap
95% CIs on success rate (N=1000), x? independence test
on L-vs-R outcomes, Welch’s t-test with Cohen’s d on
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propellant consumption, and logistic regression on trigger-
state failure predictors. The discussion (§3.2) develops the
implications across eight subsections, working from physi-
cal origin of plant behaviour (§3.2.1) through atmospheric
model scope (§3.2.2), controller performance against pub-
lished benchmarks (§3.2.3), the L-R trade-off (§3.2.4),
propellant economics (§3.2.5), failure-mechanism diagno-
sis (§3.2.6), testbed accessibility (§3.2.7), and limitations
(§3.2.8). All significance claims use a = 0.05.

3.1. Results

3.1.1 Passive Plant Verification

The uncontrolled, undisturbed plant was characterised
first to establish that the coupled mass matrix, apparent-
mass terms, and body-relative damping produce physi-
cally consistent dynamics before any disturbance or con-
trol input is introduced.

Q
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— — — — Envelope +Age~ ¢!
Simulated response

0 10 20 30 40 50
Time, ¢ [s]

Figure 7: Passive aerodynamic damping response. Peak
amplitude decays from an initial 19° overshoot to below
2° within 45s. Modal parameters extracted by peak de-
tection and logarithmic decrement. The envelope decay
rate (and the derived time-to-half-amplitude 11.08s) carry
95% bootstrap confidence [46] intervals from N=1000 re-
samples of the peak sequence, while the natural frequency
wy, = 4.264rad /s carries a parametric 95% CI on the mean
peak-to-peak period (Appendix E.1

Released from a 10° pitch displacement, the plant ex-
hibits the under-damped ring-out of Figure 7, with the
phase portrait of Figure 8 confirming monotonic conver-
gence to the origin. The amplitude-banded damping ra-
tio (¢ = 0.0134 at high amplitude, rising to ¢ = 0.0145
at low amplitude) is consistent with the quadratic ve-
locity dependence of profile drag in the body-relative
damping integral (Eq. 8), and matches the qualita-
tive pattern Aubuchon and Owens [47] report for Orion
drogue-phase oscillations. The implied simple-pendulum
length corresponding to the measured 0.679Hz natural fre-
quency is 0.54m, much shorter than the geometric 2.19m
pivot-to-CoG length, confirming that apparent-mass and
aerodynamic-stiffness contributions dominate over gravi-
tational restoring torque. The smooth phase-space con-
traction and constant-frequency funnel together rule out
altitude-coupled forcing artefacts and confirm numerical
consistency of the state-derivative assembly.

3.1.2 Flight Data Validation

With the passive plant verified, the full multi-layered at-
mospheric model (shear, discrete gusts, and Dryden tur-
bulence) was activated and the simulated response com-
pared against 6DOF IMU tilt data from a geometrically-
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Figure 8: Phase portrait of angular velocity w against
pitch angle 6 across the 47s simulated descent, colour-
mapped by altitude. The trajectory traces a monoton-
ically contracting spiral from the 10° release to the ori-
gin with no limit cycles or discontinuities, confirming nu-
merical stability of the coupled-mass matrix solution and
the absence of spurious energy injection from the frame-
transformation or state-derivative assembly.

comparable sounding rocket flight [28]. Because the ref-
erence flight vehicle is not identical to the simulated
Waxwing configuration, and because the 6DOF flight tilt
aggregates pitch, roll, and yaw contributions that the pla-
nar simulation cannot represent in isolation, the compar-
ison is framed around qualitative and statistical equiva-
lence rather than deterministic agreement.
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Figure 9: FFT comparison of simulated planar pitch
against 6DOF flight tilt magnitude across the 47 s vali-
dation window. Both signals concentrate energy below 1
Hz, within the pendulum band expected for slender-body
parachute recovery. Dominant peaks: simulation 0.610
Hz, flight 0.366 Hz; offset consistent with the geometric
differences between the two platforms. RMS amplitudes
agree to within 39% (simulation 15.99°, flight 11.49°) with
a variance ratio of 1.94, a conservative asymmetry for con-
troller validation since a controller tuned against a harsher
disturbance environment carries margin when deployed
against a milder real-vehicle response.

Both signals exhibit the characteristic low-frequency en-
ergy concentration of canopy-borne descent, with pendu-
lum energy dominating below 1 Hz in both cases (fig. 9).
The simulated pitch peaks at 0.610 Hz and the flight tilt
at 0.366 Hz, both within the 0.1-1 Hz band reported for
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slender-body parachute recovery systems [6][15]; the off-
set between them is consistent in magnitude with the ge-
ometric and configurational differences between the two
platforms. In the time domain (fig. 10), the simulation
reproduces the matched envelope range and the stochas-
tic character of the flight signal, including the intermit-
tent high-amplitude excursions characteristic of discrete
gust encounters superimposed on continuous turbulence-
driven oscillation. The simulation is driven by indepen-
dent noise realizations and does not reproduce specific
historical events, but reproduces the statistical proper-
ties that matter for controller validation: amplitude dis-
tribution, oscillation envelope, and gust-spike prevalence.
Full quantitative validation metrics are summarised in Ap-
pendix E.2.

80

Flight (2 Hz low-pass)
Simulation (|6])

Tilt angle [deg]
=

'

Figure 10: Time-domain overlay of simulation (|f|) against
flight (2 Hz low-pass absolute tilt) across the 47s win-
dow. Matched envelope range (peak amplitudes approxi-
mately 70° flight, 50° simulation during the most energetic
phase) and similar stochastic character: both exhibit in-
termittent high-amplitude gust excursions superimposed
on continuous turbulence-driven oscillation. The simu-
lation’s 0.31s autocorrelation time is approximately one-
third of the flight’s 0.98s, consistent with the 3D-to-1D
aggregation effect discussed in §3.2.2

30
Time, t [s]
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3.1.3 Nominal Closed-Loop Performance

A single best-performing successful run (Run #59 of the
300-run Monte Carlo batch) is presented in Figure 11 to
expose the phased controller’s behaviour in detail before
its statistical performance is evaluated. This run was se-
lected as the closest individual realisation to the zero-
error touchdown target, with terminal state 6y = —0.63°
and v, y = 0.96m/s; later discussion will contextualize it
against the full outcome distribution.

The descent decomposes cleanly into two dominant
regimes demarcated by the phase shading. At activation
(t = 20 s, h = 200 m), the vehicle inherits a parachute-
borne pendulum in mid-swing: pitch crosses +15° and an-
gular rate peaks above +55°/s within the first second of
control. The gimbal command saturates near both £10°
limits almost continuously through the first ten seconds
of control, reflecting the controller’s aggressive damping-
mode gains fighting the momentum inherited from the
preceding 20 seconds of uncontrolled pendulum oscilla-
tion. Actual gimbal deflection visibly lags the commanded
signal, confirming the first-order actuator model of Sec-
tion 2.5 is exercising realistic authority limits rather than
providing idealised instantaneous response.

Flare transition occurs at t ~ 68 s when the vehicle
crosses the 10 m altitude threshold. The controller’s phase
switch is behaviourally distinct: a sharp thrust spike to 1
kN (visible as the ignition-spike transient in panel 6) ac-
companies a step change in targeted descent velocity from
-8 m/s to-1.8 m/s. Descent velocity halves within two sec-
onds of flare onset and continues to bleed off smoothly to-
ward the soft-touchdown target. Gimbal activity increases
noticeably as the controller makes fine corrective pulses to
maintain near-vertical attitude at reduced thrust margin.
Terminal state is § = —0.63°, v, = 0.96 m/s at h = 0, well
inside the +5° pitch and 3 m/s velocity envelopes.
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Figure 11: Best-performing closed-loop landing (Monte
Carlo Run 59).

3.1.4 Monte Carlo Performance

The stochastic nature of the Dryden model makes deter-
ministic performance claims meaningless; robustness must
be evaluated in distribution. Three hundred indepen-
dent runs were executed for the primary (“L”) controller,
with 100-run campaigns for the conservative (“R”) vari-
ant. Convergence of the success-rate estimator with run
count is documented in Appendix E.4: the 95% confidence
interval on the L-controller success rate is 70 + 5.2% [48].

3.1.4.1 Ensemble Behavior

The trajectory visualization in Figure 12 yields 209 suc-
cesses (70%), 22 out-of-spec (OOS) landings (7%), and 69
spin/tumble events (23%) from the 300-run L-controller
batch. The success envelope widens to a 1o half-width
peak of approximately 180 m near 150 m altitude, then
narrows sharply as the controller converges toward touch-
down with a 55% reduction in distribution spread between
150 m and 50 m. This convergence-in-distribution is a
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stronger robustness guarantee than any single-trajectory
demonstration could provide, confirming that the phased
LQR architecture generalises beyond the nominal reali-
sation of §3.1.3. Mean horizontal drift during the LQR
phase is 42m, with the overall success population reach-
ing a median touchdown displacement of approximately
450 m from release, a drift attributable to steady-state
wind shear integrated over descent duration rather than
controller deficiency. Failure modes are spatially distinct.
OOS traces (orange) exit the success corridor predomi-
nantly below 100m altitude, representing runs where late-
arriving turbulent gusts or residual pitch oscillations pre-
vent full convergence before flare initiation; these vehicles
reach touchdown intact and survivable, merely exceed-
ing the strict £5°/3 m/s terminal envelope. Spin traces
(red) originate predominantly above the 200m activation
threshold, confirming that catastrophic rotations accumu-
late during the uncontrolled parachute-borne phase rather
than under active LQR authority, a distinction developed
quantitatively in Section 3.1.4.4.

4001 Success (n=209)
Out-of-spec (n=22)
350 —— Spin/tumble (n=69)
Success +1o envelope
= = Success median
3001
E)
= 250
&
S0l M LQR tigger (200 m).
©
<
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<
100+
50
Flare (25 m)
04 T T T T T T
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Figure 12: Trajectory spaghetti for the 300-run L-

controller Monte Carlo batch, classified as success (green,
n=209), out-of-spec (orange, n=22), and spin/tumble
(red, n=69). Success median and +1o envelope overlaid.

3.1.4.2 Actuator Effort and Control Margin

Every successful run reached the +10° gimbal limit at
some point during the active phase, and every run’s peak
gimbal rate reached the 45°/s actuator slew limit. This
initially appears to suggest chronic saturation, but the in-
terpretation is subtler. The gimbal limit is reached mo-
mentarily at peak disturbance response, the commanded
gimbal routinely exceeds the physical envelope, with the
actuator saturating at +10° and slew rate limiting at 45°/s
during these transient overshoots, but the time-averaged
deflection remains well inside the linear envelope. This
pattern, universal saturation at peaks combined with mod-
erate average effort, is the signature of a controller oper-
ating at the correct authority level: the LQR is using the
full actuator envelope when required to reject large dis-
turbances, but not operating chronically against the limit

10

in steady state. An undersized actuator would manifest
as sustained rather than transient saturation, and failure
modes would cluster at runs with high peak effort; the
failure analysis in §3.1.4.4 shows that spin events instead
cluster by trigger-state angular rate rather than actua-
tor limit proximity, confirming that when the controller
fails, it fails because the disturbance exceeds the physical
time-to-arrest budget, not because the gimbal hardware is
inadequate.

3.1.4.3 Propellant Economics and Flare Altitude
Mean propellant consumed across the 300-run L-
controller batch (25 m flare) is 12.63kg (o = 4.35kg), cor-
responding to 16.% of the 78.27kg wet mass. Reducing
the flare altitude to 10 m (100-run batch) decreases this
to 11.24kg (o = 3.90kg; 14.4% mass fraction), an 11.0%
mean reduction of 1.39kg per mission. Welch’s t-test con-
firms statistical significance (t = 2.99, p = 0.003), with a
modest effect size (Cohen’s d = 0.34) and 95% CI on the
difference of [0.47, 2.30]kg. Per-run distribution spread
(o = 4kg) is substantial relative to the mean shift, reflect-
ing atmosphere-driven variability rather than controller
inconsistency. The reduction is achieved without measur-
able change in classification outcomes (Appendix E.3).
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Figure 13: Propellant consumption comparison between
25m flare (N=300) and 10m flare (N=100N=100 N=100)
Monte Carlo batches. Error bars show 95% confidence
interval on the mean.

3.1.4.4 Predictor Analysis of Failure Outcomes

To identify the physical drivers of mission failure, a lo-
gistic regression of failure probability on two candidate
predictors was fitted to the L-controller Monte Carlo
batch: the vehicle’s attitude (|firigger|) and angular rate
(|werigger|) at the moment of LQR activation [49]. Trigger-
state variables were selected in preference to global peak
values to isolate the controller’s inherited initial condition
rather than post-activation dynamics. The resulting fail-
ure probability surface is shown in Figure 14.

The regression identifies angular rate as the dominant
predictor and attitude as statistically insignificant once
angular rate is controlled. The standardised coeflicients
show angular rate dominates attitude by a factor of 2.7 in
predictive contribution. The model’s modest AUC of 0.67



Ethan Sheehan

Research Project AENG30017

indicates trigger-state angular rate captures the inherited-
momentum component of failure, while a substantial resid-
ual fraction of failure variance arises from post-activation
atmospheric disturbance not anticipated by the activa-
tion snapshot. The P = 0.5 authority boundary falls at
|wirigger| = 119° /s at |0¢rigger| = 0°, sloping gently down-
ward to approximately 68°/s at the 30° attitude limit.
Full breakdown in Appendix E.5.

Success © OOS @ Spin

B, = 0.45 (p<0.001), By =0.17 (p = 0.221)

0.7

0.65

0.6
055 F
= by
o 0.5
) =
=, =
= 045 2
5 S
E 04 &
= 2
0.35 =
5

0.3

0.25

0.2

20
| etrigger | [deg]

10 30

Figure 14: Logistic regression of failure probability on
trigger-state attitude |fgigger| and angular rate |Werigger|
for the 300-run L-controller batch. White contour lines
mark P(fail) = 0.25 and P(fail) = 0.5.

3.1.4.5 Controller Architecture Comparison

To assess the sensitivity of landing outcomes to con-
troller design, the nominal L-controller batch (N = 300)
was compared against an alternative R-controller batch
(N = 100) executed under identical atmospheric, vehi-
cle, and mission parameters. Both controllers were clas-
sified using a consistent rule: spin (|0|peax > 90° with
non-compliant terminal state), success (|fierm| < 5° and
[Vzterm| < 3 m/s), or out-of-spec (OOS) otherwise. The
comparison is shown in Figure 15. The L controller pro-
duced 70% successes, 7% OOS failures, and 23% spin fail-
ures. The R controller produced 48% successes and 52%
OOS failures with no spin events. A chi-squared test of
independence confirms the outcome distributions differ be-
tween controllers (y? = 109.2, df = 2, p < 0.001), reflect-
ing a redistribution of failure modes rather than a uniform
change in overall reliability. The terminal-state scatters vi-
sualise this redistribution directly: L-controller OOS fail-
ures cluster tightly around the success envelope at |v,| & 2
m/s with |@] spread up to 25°, while R-controller OOS
failures occupy a distinct band at |v,| ~ 7-9 m/s, indicat-
ing insufficient terminal deceleration rather than attitude
drift.
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3.2. Discussion

3.2.1 Plant Dynamics

The amplitude-banded damping ratio (¢ = 0.0134 at high
amplitude, rising to 0.0145 at low amplitude) lines up with
the quadratic velocity component of the profile drag in
the body-relative damping integral (Eq. 8). At larger
swing amplitudes, integrated local velocities along the air-
frame are higher, and quadratic drag produces proportion-
ally greater resistive torque that normalises to a slithgly
lower damping ratio. This amplitude ordering is weak
(a 0.0011 difference between bands) but consistent across
repeated simulation runs with different initial conditions
(Appendix E.1), ruling out extraction noise as the sole ex-
planation. Aubuchon and Owens [47] report similar am-
plitude characteristics in Orion drogue-phase oscillations,
and Guglieri [15] identifies it as a characteristic signature
of quadratic aerodynamic damping in parachute-payload
trajectory simulations.

The phase portrait of Figure 8 verifies that these modal
parameters are properties of the plant itself rather than
artefacts of the release transient. Internal verification can-
not, however, validate that the numerical parameter values
correspond to physical reality, that requires comparison
against an independent reference.

3.2.2 Atmospheric Model Validity

The flight-data comparison establishes that the simulated
plant produces dynamics of the correct type, stochastic
low-frequency pendulum oscillation with gust-driven high-
amplitude excursions, but with quantitative offsets that
merit careful interpretation before the controller perfor-
mance results of Section 3.1.4 are themselves interpreted.

Two distinct mechanisms contribute to the observed
simulation—flight divergence, and their separation is im-
portant to the validation argument. The first is plat-
form difference. The flight-data vehicle differs from the
simulated Waxwing configuration in its physical parame-
ters and recovery hardware, and each platform’s canopy-
pendulum dynamics reflect its own geometry. The ob-
served frequency offset is consistent in magnitude with the
differences between the two vehicles: a planar simulation
of the reference vehicle at its own parameters would be ex-
pected to oscillate closer to the flight-observed frequency
rather than Waxwing’s. The frequency offset is therefore
not a modelling defect but a consequence of running the
simulation on a different vehicle than the reference flight.

The second mechanism is dimensional aggregation. The
flight tilt data is a 6DOF magnitude of attitude error that
combines pitch, roll, and yaw departures from vertical into
a single scalar quantity. The 3DOF simulation produces
only a planar pitch angle. In 6DOF canopy-borne descent,
roll-yaw coupling and coning motions contribute meaning-
fully to the measured tilt magnitude, typically smoothing
and slowing the aggregate signal compared to a pure pitch-
plane oscillation. The flight data’s longer autocorrelation
time (0.98 s versus the simulation’s 0.31 s) and slower
apparent envelope dynamics are consistent with this 3D-
to-1D aggregation effect meaning the flight signal reflects
an average over three rotational degrees of freedom while
the simulation reflects only one.

Critically, neither mechanism undermines the validity
of the controller. The atmospheric model is demonstrably
producing stochastic disturbances of the correct statisti-
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Figure 15: L-controller (N=300) and R-controller (N=100) outcome comparison. Left and centre: terminal-state scat-
ters with success envelope overlaid; L-controller inset shows peak pitch distribution for spin events. Right: outcome-

category distribution.

cal character (RMS amplitude within 39%, variance ra-
tio within a factor of two), at the correct frequency band
for canopy-pendulum dynamics, with the correct stochas-
tic structure (intermittent gust excursions on continuous
background). These are the properties the LQR controller
must handle. The class of disturbance is created, not
any specific historical flight-path. A controller validated
against this simulation has been tested against realistic
canopy-pendulum dynamics driven by NASA-compliant
turbulence, which is the relevant fidelity claim in the next
sections of this discussion.

The simulation’s more energetic oscillation represents
a conservative design environment (fig. 10): a controller
tuned against a harsher disturbance carries margin when
deployed against a milder real response, so the Monte
Carlo success rates of Section 3.1.4 are, if anything, under-
estimates of likely performance on the physical Waxwing
rocket.

3.2.3 Controller Benchmarking

The 70% success rate achieved by the L configuration
sits between the two established benchmarks in the lit-
erature. SpaceX’s operational Falcon 9 booster recov-
ery campaigns report terminal success rates exceeding
98% under PDG, while drop-test campaigns of novel sub-
orbital reusable vehicles typically report first-iteration suc-
cess rates below 60% [9]. The result here, obtained on a
high-fineness-ratio sounding rocket an order of magnitude
smaller than either reference case, is therefore within the
expected band for small-vehicle hybrid architectures. Im-
portantly, the failures are not distributed uniformly: the
ensemble identifies angular rate at trigger as the dom-
inant predictor (§3.1.4.4), with attitude and turbulence
secondary. This indicates that the remaining 30% failure
margin is not a stochastic-disturbance-limited ceiling but
a control-authority-bounded envelope or the LQR’s time-
to-arrest-momentum budget from the 200m trigger alti-
tude. Decreasing the inherited angular rate at the hand-
off from the parachute phase, rather than improving atmo-
spheric robustness, is the optimization predicted to yield
the most significant gains. This distinguishes the bot-
tleneck of hybrid recovery from that of pure-PDG where
terminal-phase gust rejection dominates [2][50].
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3.2.4 L—R Trade-off

The statistically significant redistribution of failure modes
between the L and R controllers (§3.1.4.5) is structurally a
Pareto trade: the R controller eliminates the catastrophic
spin failures by sacrificing 22 percentage points of over-
all success. In pure-PDG architectures, this trade is one-
sided, an uncontrollable spin produces a high-energy im-
pact and an OOS landing would impact at the high ter-
minal velocity of the parachute-free vehicle and would be
unrecoverable. The hybrid architecture modifies this trade
significantly. Because the parachute ensures a survivable
terminal velocity even in the absence of controller author-
ity, an R-controller OOS corresponds not to a destroyed
vehicle but to a hard-but-survivable parachute landing
equivalent to the unmodified Waxwing baseline. The L-
R decision therefore becomes not a reliability trade but
a cost trade: the L path retains a small catastrophic-loss
probability; the R path converts all failures into routine
parachute recoveries with increased refurbishment. Which
controller is preferable depends on the ratio of vehicle re-
placement cost to refurbishment cost, a parameter that
varies by orders of magnitude between development vehi-
cles and operational fleets.

3.2.5 Propellant Efficiency

The 11.0% propellant reduction achieved by lowering the
flare altitude from 25m to 10m (§3.1.4.3) quantifies the
hybrid architecture’s core mass-fraction advantage over
pure-PDG and shows further fuel-efficiency improvements
are possible. Applying the Tsiolkovsky equation to the
same vehicle executing a hypothetical PDG deceleration
from the bare-airframe terminal velocity ( 200m/s at sea
level) to a soft touchdown gives a required propellant mass
of approximately 40kg (full derivation in Appendix G.1),
3.2 times the 12.6kg consumed by the L controller. This
factor of three is the engineering cost of the hybrid archi-
tecture’s parachute mass penalty versus the propellant-
mass penalty it avoids. For a high-fineness-ratio sounding
rocket with tight mass margins, the parachute represents
a fixed 3.5kg penalty while PDG would require dedicating
approximately 40kg of propellant, a mass fraction cost of
60% of the dry vehicle. The hybrid architecture there-
fore inverts the Dresia [13] framing of the PDG trade: for
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small-scale vehicles, propellant is the binding constraint,
not precision, and parachute-assisted controlled descent
dominates this frontier wherever mass fraction is tight.

3.2.6 Linearization Validity

The failure-predictor analysis (§3.1.4.4) identifies an in-
ternally consistent boundary: the LQR loses authority
approximately where its linearisation assumptions them-
selves break down. The A-matrix small-angle approxima-
tion sin @ ~ 6 retains < 5% error at |f] = 15° but exceeds
20% by 45°. Similarly, rigid-body angular momentum
Jw becomes a poor approximation of the coupled-mass
moment at high w due to apparent-mass nonlinearities
(§2.3.3). The logistic regression P = 0.5 authority bound-
ary falls at |Wirigger| &= 119° /s with shallow #-dependence,
matching the regime where both approximations degrade.
The controller is thus operating at a boundary set by the
fidelity of its own internal model rather than by actuator
limits, a self-consistent failure mechanism rather than a
hardware one. This suggests a Model-Predictive Control
or nonlinear architecture which would retain accuracy be-
yond the small-angle regime, would be the highest-leverage
controller upgrade with an expected benefit directly in the
regime where the current LQR fails.

The same self-consistency argument applies to the nav-
igation stack: filtered state-estimate error from the Sec-
tion 2.6 sensor model (= £0.4° attitude, £2°/s rate at
GPS update) sits roughly two orders of magnitude below
the trigger-state authority boundary of Section 3.1.4.4,
ruling out sensor noise as a contributor to the observed
failure distribution (Appendix C.3).

3.2.7 Testbed Accessibility

A central motivation for this research was lowering the
barrier to entry for precision-recovery experimentation.
The results substantiate this claim quantitatively. In pure-
PDG, a control malfunction produces hardware loss so
the only controlled variable is the probability of failure.
In the demonstrated hybrid architecture, a control mal-
function produces an unplanned parachute landing at the
baseline Waxwing terminal velocity which is a survivable
outcome already validated on every recovery of this vehi-
cle class. The maximum cost of an experimental control
law is therefore a refurbishment cycle, not a vehicle re-
placement, irrespective of controller performance. This
asymmetry is the substantive accessibility gain: small re-
search groups, where vehicle capital is scarce and devel-
opment iteration rate is the binding constraint, can now
trial aggressive propulsive control strategies without the
catastrophic-failure risk profile that has historically re-
stricted such work. The approach does not replace PDG
for operational systems where payload mass fraction and
landing-pad accuracy dominates, but it does open the de-
sign space of experimental precision-recovery control to ve-
hicles and institutions that were previously excluded from
the problem.

3.2.8 Limitations, and Scope

The principal strength of this study is its methodological
rigor: the plant dynamics were validated against indepen-
dent 6DOF flight IMU data rather than self-referentially
(§3.2.1), the atmospheric model reproduces NASA-verified
spectral statistics to within a 2% variance ratio (§2.4), and
the failure classification treats the ensemble as a statisti-
cal sample rather than a worst-case envelope, enabling the
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chi-squared and logistic inferences that anchor the central
claims. The failure-mode analysis is mechanistic rather
than descriptive, identifying both the dominant predic-
tor (angular rate at trigger, §3.1.4.4) and its underlying
physical origin (linearisation breakdown, §3.2.6), which to-
gether yield a concrete design path forward.

Three limitations bound the inference. First, the 3SDOF
planar formulation cannot capture 6DOF coupled modes
such as roll-yaw coupling, coning oscillations, and asym-
metric canopy instabilities so conclusions therefore ap-
ply rigorously only to pitch-plane dynamics under sym-
metric single-chute descent (§3.2.2). Second, the static-
gravity, flat-Earth assumptions preclude direct extrapola-
tion to orbital-scale recovery where coordinate rotation
and altitude-variable gravity become first-order effects.
Third, the controller was evaluated against a harsher sim-
ulated disturbance environment than the reference flight
exhibited (§3.2.2), which provides conservative margin but
does not certify performance against extreme events out-
side the Dryden model’s design envelope, such as wind-
shear events at convective cell boundaries. These bound-
aries define the regime within which the present results
constitute a valid proof-of-concept and, beyond them, the
framework is a starting point for higher-fidelity study
rather than a definitive answer.

4. Conclusion

This study set out to test whether an active Thrust Vector
Control system could autonomously arrest a wind-driven
pendulum descent and deliver a soft vertical touchdown
for a slender-body sounding rocket, and the evidence as-
sembled here supports that it can, within a bounded en-
velope. The phased LQR achieved a 70 4+ 5.2% success
rate across 300 Monte Carlo runs under NASA-verified
Dryden turbulence, with terminal states consistently sat-
isfying the |v.| < 3 m/s and |f| < 5° survivability con-
straints in successful realisations. Set against this, the
propellant-mass comparison quantifies the architectural
claim that motivated the project: 12.6kg consumed by
the hybrid landing burn against an estimated 40kg re-
quired for pure powered-descent from the same activation
state, a factor-of-three reduction that inverts the Dresia
mass-fraction trade for the small-vehicle regime. The
flight-data-validated plant, NASA-compliant atmospheric
model, and the L-R controller comparison together sub-
stantiate the core thesis that parachute-to-propulsive re-
covery is a viable, propellant-efficient, and experimentally
accessible alternative to pure PDG for high-fineness-ratio
sounding rockets.

Given another two to three months, the highest-leverage
extension would be replacing the linearised LQR with a
Model Predictive Controller operating on the full nonlin-
ear coupled-mass dynamics. The failure analysis (§3.2.6)
identifies linearization breakdown, the LQR losing author-
ity precisely where its small-angle assumption degrades
and not where actuators saturate or disturbances peak,
as the binding constraint on success rate. Model Pre-
dictive Control, by re-linearizing around the current op-
erating point at each horizon step rather than relying
on a single hover-point linearization, addresses this fail-
ure mechanism directly rather than trimming around its
edges. The expected benefit therefore lies in the regime
where the present LQR fails, not where it already suc-
ceeds. In parallel, extending the simulation from 3DOF
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to 6DOF would capture the roll-yaw coupling and coning
modes that the planar formulation cannot represent and
that partly account for the dimensional-aggregation offset
observed against the 6DOF flight reference. If starting the
project again, the principal change would be sequencing:
the plant, atmospheric model, and controller were devel-
oped largely in series, whereas building a low-fidelity end-
to-end closed loop in the first fortnight and then progres-
sively substituting higher-fidelity subsystems would have
surfaced the angular-rate-at-trigger bottleneck earlier and
allowed controller architecture decisions to be informed by
it, rather than discovered after tuning was complete.
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5. Personal Reflection

5.1. Summary of Activities

The aspect of this project I am most proud of is the phased
controller architecture I eventually arrived at. I tried a
considerable number of approaches before this one, a sin-
gle LQR with static gains, a gain-scheduled variant with-
out mode switching, and a few others but none of them
coped with the tight £10° gimbal envelope and 45° /s slew
rate once realistic disturbances were introduced. Finding
a four-gate activation layer feeding a three-mode phased
LQR, with the predictive-recovery and hammer overrides
sitting above the optimal loop as independent safety lay-
ers, was the point at which the Monte Carlo success rate
moved out of the 20-40% regime and into the 70% band
reported in Section 3.1.4. The satisfaction was less in the
final structure itself than in the fact that every element of
it earned its place against a physical failure mode I had
observed in an earlier version. The controller is, to my
knowledge, a novel combination for hybrid parachute-TVC
recovery, and the fact that it works within such restrictive
actuator limits is the result I am most proud of.

5.2. Key Learnings

The project developed a set of technical skills I did not
have at the start. I learnt how to derive state-space equa-
tions of motion for a complex coupled system from first
principles, rather than adapting a textbook rigid-body
template, and to assemble the coupled mass matrix with
apparent-mass and Munk-moment terms in a form that
a numerical integrator could actually use. I learnt how
to synthesise results from very different research domains
and combine their governing equations inside a single self-
consistent simulation rather than treating them as isolated
literatures which I had never done previously to this ex-
tent. I built a MATLAB and Simulink model structured
around modular, iterable subsystems with a shared state
vector, which made the difference between a simulation I
could develop over months and one that would have col-
lapsed under its own complexity. I also learnt how to con-
duct Monte Carlo experimental design and the statistical
inference techniques that turn an ensemble of runs into a
defensible claim: sample-size justification, confidence in-
tervals on success rate, Welch’s t-tests for propellant com-
parisons, logistic regression for failure-mode attribution,
and chi-squared tests for controller architecture compari-
son.

5.3. Challenges and Solutions

The dominant non-technical challenge was compressing
everything into the 15-page report limit. I had enough
material for at least twice that length, and deciding what
was load-bearing enough for the main body and what
belonged in appendices forced a much sharper view of
what the central argument actually was. Roughly half
of the methods chapter now lives in appendices, which
initially felt like I was hiding work, but ultimately made
the main body readable and the argument visible. The
dominant technical challenge was quite different: estab-
lishing which modelling assumptions would actually hold
under the conditions I cared about, and letting that judge-
ment shape the direction of the work rather than fixing a
scope upfront and discovering the holes afterwards. Ques-
tions like whether the small-angle linearisation would sur-
vive the activation transient, whether the potential-flow
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apparent-mass coefficients remained valid once the canopy
was oscillating, and whether a 3DOF planar projection
could be reconciled with 6DOF flight data, each had to
be resolved before I could trust any downstream result.
Working through these, rather than assuming them away,
is what pushed the linearisation-breakdown discussion in
Section 3.2.6 and the 3D-to-1D aggregation argument in
Section 3.2.2 into the report as substantive findings rather
than caveats.

5.4. Feedback and Reflection

The project evolved substantially from my initial fram-
ing. I wanted to go all-out from the start with a 6DOF
simulation and an MPC controller, on the assumption
that higher fidelity everywhere would produce a more
defensible result. Early feedback pushed me back to a
3DOF plant with a simple LQR. controller, on the grounds
that a simpler architecture would be far easier to tune,
benchmark, and diagnose when something went wrong,
and that the novel contribution of the project lay in the
hybrid architecture rather than in controller complexity.
That turned out to be exactly right: the tuning work
in Section 2.7 and the failure-mode attribution in Sec-
tion 3.1.4.4 would have been practically impossible on an
MPC-6DOF stack within the project timeline. The sec-
ond piece of feedback that shaped the final form of the
report was the push to articulate the “so what”: why a
hybrid architecture is actually useful rather than merely
novel. Taking that seriously is what produced the quan-
tified propellant-efficiency argument in Section 3.2.5, the
testbed-accessibility argument in Section 3.2.7, and the
LR trade-off discussion in Section 3.2.4, and it is those
three sections together that carry the thesis of the dis-
cussion chapter. Without that reframing, I would have
written a report that demonstrated a controller worked
and stopped there.

5.5. Plan for Next Week

If T were starting the project again, the first change I would
make is modelling the wind deterministically before mak-
ing it stochastic. The Dryden implementation is the ele-
ment that took longest to trust, partly because a stochas-
tic disturbance makes every other subsystem harder to de-
bug sinceyou cannot tell whether a strange plant response
is a modelling error or a gust realisation until you have
the plant independently verified against something repeat-
able. Building a deterministic wind field first, validating
the plant and controller against it, and only then layer-
ing in Dryden turbulence would have given me a far more
consistent foundation to work from. The second change
would be moving to an inner-outer loop controller archi-
tecture: an inner pitch-stabilisation loop feeding from an
outer loop that commands pitch targets to generate hori-
zontal velocity toward a specified landing zone. The cur-
rent controller does not attempt lateral guidance, and an
inner-outer structure would have opened that capability
without changing the optimal core. The single piece of
advice I would give myself at the start of week one is to
narrow the scope. A deeper, more detailed treatment of
a smaller problem would have produced a stronger report
than the broader treatment I initially set out to write, and
almost every good decision I made over the course of the
project was, in effect, a narrowing of scope that I should
have made earlier.
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A. Appendices

A.1. Nomenclature (Acronyms)
Table 4: Mass and Geometric Properties

Symbol Description Value Unit
Maet Wet mass (propellant-loaded) 78.286 kg
Table 2: List of Acronyms and Meanings My Dry mass (propellant-  65.417 kg
depleted)
Acronym Meaning L Total airframe length 3.97 m
d Airframe diameter 0.20 m
AGL Above Ground Level 2CoG,wet ~ Wet-mass CoG station (from  2.31 m
ARE Algebraic Riccati Equation aft)
AUC Area Under the (ROC) Curve ZCoG,dry ~ Dry-mass CoG station 2.18 m
CEP Circular Error Probable Zp Parachute attachment station  0.116 m
zr Engine gimbal station 3.59 m
CI Confidence Intgrval Ly Distance from CoG to chute 2.19 m
CoG Centre of Gravity pivot
CoM Centre of Mass Lt Distance from CoG to gimbal  1.28 m
DOF Degree of Freedom Is Transverse (pitch/yaw) MOI 103.0 kg-m?
FFT Fast Fourier Transform I, Longitudinal (roll) MOI 0.392 kg-m?
FOH First-Order Hold I, Parallel-axis pivot inertia 479.9 kg-m?
GPS Global Positioning System
IMU Inertial Measurement Unit
LQR Linear Quadratic Regulator
MC Monte Carlo
MCI Mass, Centre of Gravity and Inertia
MIL U.S. Military Specification standard
MIMO Multi-Input, Multi-Output
MPC Model Predictive Control ) )
NASA National Aeronautics and Space Admin- Table 5: Propulsion and Actuator Properties
istration . .
NED North—East—Down inertial frame Symbol Description Value Unit
00S Out-Of-Specification landing outcome Trmax Maximum thrust 5000 N
PBL Planetary Boundary Layer Toin Mm..conthrollabllv?1 thrust 100 N
PDF Probability Density Function ?“”’ g§£;§?11m1f125 rust 717;09 SN
. . sp
PDG Powered. Descent Guldancg . T Throttle time constant 0.05 s
PID Proportional-Integral-Derivative  con- Toae Throttle rate limit 5000 N/s
troller tdelay Ignition delay 0.02 s
PSD Power Spectral Density Agpike Ignition spike magnitude 1.1 -
RK4 4th-order Runge-Kutta numerical inte- Tspike Ignition spike decay time 0.05 s
gration 6.max Max. gimbal deflection 10 deg
RMS Root Mean Square Omazx Gimbal slew rate limit 45 deg/s
SEDS Students for the Exploration and Devel- Ts Gimbal servo time constant 0.02 i
Ts Control loop period (50 Hz) 0.02 S
opment of Space
TFF (GPS) Time To First Fix
TVC Thrust Vector Control
VKC von Karman Constant
ZOH Zero-Order Hold
Table 6: Aerodynamic and Parachute Properties
A.2. Variable Definitions Symbol Description Value Unit
dehute Parachute diameter 3.49 m
Achute Parachute reference area 9.57 m?
Cq,chute  Parachute drag coefficient 2.0 -
Cd body Body drag coeﬁici.ent 1.2 -
Table 3: State and Control Variables € Canopy shape ratio 0.5 -
Ry Inflated canopy radius 1.745 m
Symbol Description Unit Zv %ffective canopy volume factor  0.65 -
11 ansverse apparent mass co-  0.30
! 2! Inertial downrange / depth m eff.
h Altitude AGL (nose-bottom) m k33 Axial apparent mass coeff. 0.65 -
vl vl Inertial translational velocities m/s kaa Apparent MOI coefficient 0.18 -
vp, Altitude rate (—vl, positive upward) m/s k1s Trans.—rot. coupling coeff. 0.40 -
6 Pitch angle (body w.r.t. inertial) rad Mg Apparent (entrained) air mass  derived kg
w Pitch rate rad/s Ipp Apparent rotational inertia derived  kg-m?
T Actual engine thrust N
é Actual gimbal deflection rad
Temds Oemd Commanded thrust and gimbal N, rad
Vturb,zs Vturb,z ~ Dryden turbulence states m/s
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Table 7: Environmental Parameters

Symbol Description Value Unit

g Gravitational acceleration 9.81 m/s?

p Sea-level air density 1.225 kg/m3

Vpef Reference wind at 10 m 5 m/s

VKC von Kérmdn constant (ter- 0.143 -
rain)

Vgust,p Peak discrete gust velocity 5 m/s

L, Gust pocket spatial thick- 30 m
ness

tgust Gust onset time 5 S

Oz Longitudinal turbulence in- 5 m/s
tensity

ow Vertical turbulence intensity 0.5 m/s

Lpa Free-atmosphere turbulence 533.4 m

scale

B. Appendix

B.1. Reference Frames

The global environment is characterized by a
North-East-Down (NED) inertial frame, denoted Z,
fixed at the initial point of the vehicle’s descent in the
air. In this convention, the z! axis is directed downward,
so that an increase in z! corresponds to a decrease in
altitude [31]. While this frame is not strictly inertial due
to the rotation of the Earth, the short duration of the
landing burn (approximately 65s of simulated descent
from 400m) allows Earth rotation to be neglected without
compromising simulation fidelity [23]. Within this 3DOF
model, the state variables [z, z] track the North displace-
ment and depth respectively, with h = 29— 2! — (L —2¢0,q)
representing the positive vertical altitude of the rocket
base above the ground.

The vehicle’s physical state is defined within a Body
frame, denoted B, fixed to the rocket with its origin at
the instantaneous Centre of Gravity (CoG). The 2P axis
is aligned with the longitudinal symmetry of the airframe,
pointing toward the nose. Under this orientation the pri-
mary thrust vector is directed along the —z” axis as it
exits the engine nozzle. The body frame is the primary
reference for calculating the moments of inertia and the
aerodynamic forces acting upon the slender body of the
rocket [23].

To model the active redirection of thrust, a Propulsion
frame P is attached directly to the gimbal assembly. This
frame defines the specific direction of the thrust vector
relative to the body frame, accounting for the mechanical
deflection of the nozzle. The orientation of the P frame
relative to B is parametrised solely by the gimbal angle 4.

Transforming vectors between the NED inertial frame
and the body-centric perspective is achieved through pla-
nar rotation matrices. The matrix RP! transforms a vec-
tor from the world frame into the rocket’s perspective us-
ing the pitch angle 6:

]|

Conversely, R'P projects forces such as the thrust gener-
ated in the body frame back into the inertial environment
for state integration:

-]

.%‘B

ZB

LI?I
ZI

sin 6
cos 0

cos 0

—sinf (16)

l‘I

P

.’EB
ZB

—sin@
cos

cos

sin 6 (17)
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The relationship between the intended thrust and its ac-
tual gimballed direction is handled by RFZ, mapping the
thrust from the propulsion frame into the body frame as

T e

The integration of these three matrices ensures that the
3DOF model accurately reflects the horizontal and vertical
components of motion in the z—z vertical plane throughout
the landing sequence.

B.2. State Vector Definition
The position and velocity of the vehicle are described using
a Cartesian representation relative to the inertial reference
frame. Because the flight takes place at a low altitude be-
low 2km, a flat-Earth assumption is adopted, making it
convenient to describe motion in a surface-relative frame.
The Cartesian components express the North displace-
ment and depth with respect to the NED inertial frame
established at the deployment point. In this implemen-
tation, 2! and z! track global position, while vZ and v!
represent the translational velocity components required
for state-derivative assembly. Cartesian coordinates pro-
vide a more intuitive interpretation of low-altitude flight
than spherical coordinates, where small variations in lati-
tude or longitude are numerically difficult to discern [23].
The attitude of the rocket is defined as the orientation of
the body-fixed reference frame relative to the NED inertial
frame. While higher-fidelity simulations often use quater-
nions due to their computational efficiency and absence
of gimbal-lock singularities, this planar 3DOF model uses
the classical pitch Euler angle 6 for both simulation and
visualization [23]. This choice is preferred for interpreting
the “pendulum” behaviour of the vehicle suspended under
a parachute, where the pitch angle directly corresponds to
the swing magnitude. The angular rate w? represents the
rotational velocity of the body frame with respect to the
inertial frame, expressed in body-frame components. In
the Waxwing model this rate is the pitch rate the con-
troller must damp prior to touchdown.

l‘B

ZB

J?P
zP

—sind
cos 0

cos 0

sin & (18)

B.3. Recovery Hardware
Model

The Waxwing recovery system is a single main parachute
deployed from the nose-cone compartment following
apogee drogue separation. The main canopy is a 3.49
m toroidal parachute selected for its combination of high
drag coefficient (Cy chute = 2.0) and controlled inflation
transient. The parachute mass breakdown comprises the
canopy (= 2.1kg), suspension lines and riser (= 0.8kg),
and pyrotechnics (= 0.6kg), for a total recovery-system
mass of approximately 3.5 kg.

The aerodynamic coupling between the canopy and the
airframe is captured through four apparent-mass coeffi-
cients drawn from the classical Doherr set scaled to the
canopy geometry following Dobrokhodov et al. [14]. When
a bluff body accelerates through a fluid it must acceler-
ate not only itself but also a volume of the surrounding
air that is kinematically entrained by its motion. For a
canopy of inflated radius R, and shape ratio € (minor-to-
major axis ratio of the inflated hemi-spheroid), the refer-
ence entrained-air mass is

and Apparent-Mass

2 53
Mg = gﬂ'pRpan (19)
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where 7y 0.65 is an empirical effective-volume fac-
tor accounting for the fact that the inflated canopy is
not a perfect hemispheroid and that porosity reduces the
effectively-coupled air volume. Using R, = 1.745 m,
e = 0.5, p = 1.225 kg/m? and ny = 0.65 gives m, ~ 8.87
kg, approximately 12% of the vehicle wet mass, confirming
that the apparent-mass terms are not negligible perturba-
tions but first-order contributions to the coupled dynam-
ics. The reference apparent rotational inertia about the
body pitch axis, treating the same air slug as a spheroid,
is

Lp = tmaRo(14¢%) (20)

The four dimensionless coefficients scale this reference
mass / inertia into the specific directional and rotational
components that populate the coupled mass matrix:

e k11 = 0.30 — the transverse apparent mass coeffi-
cient. It scales m, into the additional inertial resis-
tance the system experiences when translated side-
ways (perpendicular to the canopy axis). This is the
air that must be shoved out of the way when the
parachute-rocket assembly swings laterally under a
gust.

kss = 0.65 — the axial apparent mass coefficient. It
scales m, into the additional inertial resistance for
motion along the canopy symmetry axis (i.e. dur-
ing vertical descent acceleration). A toroidal canopy
couples to a much larger volume of air axially than
transversely, so k33 > k11 is the physical origin of the
Munk moment asymmetry discussed in Section 2.3.2.
k44 = 0.18 — the apparent moment-of-inertia coeffi-
cient. It scales I,, into the rotational resistance to
pitching, representing the additional rotational iner-
tia from air that must be spun up when the vehicle
rotates about its CoG.

k15 = 0.40 — the translation-rotation coupling co-
efficient. This is the key term that makes the mass
matrix non-diagonal: it captures the fact that side-
ways translation of the canopy under its tether neces-
sarily induces a rotation of the suspended body (and
vice versa). It enters the off-diagonal entries of the
coupled mass matrix through Kioiq1 = —kismeLy.

B.4. Gravitational Model

For the purposes of this study a constant gravity model
is employed to calculate the weight of the vehicle and
its influence on the pendulum dynamics. Gravitational
acceleration is assumed uniform with the standard value
g = 9.81; m/sQ. This is justified by the mission scenario
taking place below 2 km altitude, within which the varia-
tion in gravitational acceleration due to the inverse-square
law is of order 10~3 and has no discernible effect on control
authority or pendulum frequency [51].

The gravitational force FCI, is expressed in the NED in-
ertial frame as a vector acting exclusively along the z!
axis. Because the origin of the NED frame is fixed at
the deployment point in the air, the gravitational vector
is directed downward, consistent with the convention that
increasing 2! corresponds to increasing depth. This force
is applied at the CoG in the state-derivative assembly (Ap-
pendix B.7) and therefore generates no moment about the
CoG in the model; rotational moments arise solely from
the four torque sources enumerated in Appendix B.5.
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B.5. External Forces
The translational motion of the rocket in the vertical pitch
plane is driven by the interaction of gimballed thrust, pas-
sive aerodynamic drag on the parachute canopy, and grav-
ity. Resolving the vector sum in the inertial frame gives
F, =Tsin(6 — ¢) — D,, F.=—(Tcos(§ —6) + D.)
(21)
in which F} is directed primarily along the negative depth
axis, counteracting the downward gravitational force (ap-
plied separately in the acceleration solver) to effect the
controlled landing burn.

Aerodynamic drag: The primary source of aerody-
namic resistance is the toroidal parachute, which gener-
ates a drag force opposing the vehicle’s motion relative to
the local air mass. The total magnitude, using the instan-
taneous relative-velocity magnitude,

(22)

1 2
Dtotal - 5,07 Vrel Cd,chuteAchute

mag

is then decomposed into its horizontal and vertical inertial
components along the direction of the relative wind [22]:

Urel,x Vrel,z

Dm = Dtotal

Dz = Dtotal

)
Telmag

(23)

relmag

A small additive body-drag term could be written for the
bare airframe but for a Cgpody - Apody product of order
0.04,m? against the canopy’s Cq chute - Achute ~ 19, m?
the body drag contributes less than 0.25% of the total
axial force and is instead accounted for only through its
moment contribution in Appendix B.6.

Propulsion: The propulsive force is generated in the
propulsion frame P with the base thrust vector defined
along the nozzle axis as T¥ = (0,7)7. Composing the
three rotation matrices of Appendix B.1 (i.e. RIBRBP)
yields the inertial components

T! =Tsin(@ —96), T!=—Tcos(d—9) (24)
which combine with the drag terms above to give the total
translational force inputs driving the coupled-mass solve

of Appendix B.7.

B.6. External Moments

The rotational dynamics of the Waxwing are governed by
the sum of four physically distinct moments acting about
the instantaneous CoG.

Parachute restoring torque: The canopy drag force,
applied at the pivot L, ahead of the CoG, produces a pen-
dulum restoring moment that acts to return the airframe
toward the relative-wind direction [14]:

Tehute = —Dg - Ly - cos(0) — D, - Ly, - sin(0) (25)
This is the primary passive stabilising moment, and its
amplitude-dependent coupling with body-relative damp-
ing (below) sets the quasi-linear ring-down envelope ob-

served in Section 2.7.4.
TVC control torque: Nozzle deflection produces a
lateral thrust component at moment arm Ly [23]:
T = T- sin(§) . LT (26)

This is the only actively controllable moment in the model.
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Munk moment: The Munk moment (sometimes called
the “slender-body destabilising moment” or simply the
“cross-flow inertia moment” in the aerospace literature
[33][32]) arises whenever a submerged body moves through
a fluid with asymmetric apparent masses in its principal
directions. The effect is most easily visualised for a slender
airship: if the body has large as3 (hard to accelerate along
its axis, because a long column of air must be accelerated
with it) and small a1 (easier to accelerate sideways), then
any velocity component at an angle to the body axis pro-
duces unbalanced momentum exchange between the two
directions, and the resulting pressure distribution gener-
ates a torque that tries to rotate the body perpendicular
to the flow. In the present system the physical origin of
the effect is not the slender-body asymmetry of the air-
frame itself, but the canopy’s hemispheroidal apparent-
mass asymmetry (assz > aj; for a bluff drag device). The
torque about the CoG retains the classical form

B, B
Tmunk = —(a33 - all)'Uw v, (27)
with a;; = ki, m,. Because azs > a1 in the canopy-

dominated regime, the coefficient is negative, giving the
torque a destabilising sign: a sideways velocity compo-
nent couples with the axial descent velocity to produce a
moment that rotates the airframe further into the rela-
tive flow rather than away from it. This is the primary
aerodynamic instability the TVC must reject when dis-
turbed, and it is the physical mechanism that converts a
steady side-wind into a divergent pendulum swing if the
controller is absent.

Body-relative damping: Modelling the bare airframe
as a cylinder rotating through still air (no canopy contri-
bution, which is accounted for separately through Tepute ),
the local transverse velocity at station r from the CoG is
Vioeal () = vB + wr. The drag force on an elemental strip
dr opposes the local velocity (enforced by the [vZ + wr|
factor) and produces a moment r, dF" about the CoG. In-
tegrating from the gimbal station —Ly to the chute-pivot
station L, [34]

de—/_Lp

This integral is evaluated each time step using a 50-
point trapezoidal quadrature. The resulting torque is
intrinsically amplitude-dependent through the quadratic
v, |v] kernel, which is the physical origin of the weak
amplitude-ordering of the damping ratio reported in Sec-
tion 3.1.1 and discussed in Section 3.2.1.

B.7. Coupled Mass Matrix and State-Derivative
Assembly
The final stage of the equations of motion resolves the
translational and rotational accelerations by inverting the
system’s inertia matrix augmented with the apparent-
mass and coupling terms introduced in Appendix B.3. Be-
cause Waxwing descends immersed in a moving fluid while
tethered to a large canopy, its translational and rotational
responses are physically linked: a sideways velocity of the
airframe drags the attached canopy sideways, which in
turn swings the vehicle’s line of suspension and imparts
a rotational acceleration, and conversely a pitching rota-
tion about the CoG displaces the canopy’s air slug later-
ally and so imparts a transverse translational acceleration.

1

2p~d~C'dbody (WP +wr) P +wr|-rdr (28)
Lt
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The coupling coefficient k15 quantifies the strength of this
kinematic link [14].

The system’s effective inertia is expressed as the Cou-
pled Mass Matrix

(m + CL11) 0 Ktotal
Moot = 0 (m + a33) 0 (29)
Ktotal 0 (IS + a44)

in which the first row represents transverse translational
inertia augmented by a11 = ki1, m,, the second represents
axial translational inertia augmented by ass = k33, mg,
and the third represents rotational inertia augmented by
@44 = ka4, Ipp,. The axial row remains decoupled because
vertical descent along the canopy axis does not itself in-
duce pitching about the CoG. The coupling coefficient

Ktotal = _k15 Mg Lp (30)

derived by Dobrokhodov from potential-flow analysis of
the payload—canopy system, directly ties transverse accel-
eration to pitching acceleration through the off-diagonal
entries. A positive transverse acceleration produces a pro-
portional pitching acceleration (and vice versa) with a sign
set by the direction of the moment arm L,.

The accelerations are recovered each time step by in-
verting the 3 x 3 system

(m+ai1) 0 Kiotal o D

0 (m + as3) 0 B | = |2FE

Ktotal 0 ([9 + 0,44) oB EMy
(31)

with M, being small, dense, and well-conditioned (con-
dition number ~ 102 across the flight envelope), so that
direct mldivide inversion is numerically stable at every
time step and iterative solvers are unnecessary.

The final step is assembling the state derivative vector

ol !

s Yy Yz

X = [#f, 2! 0,0,m)T (32)
in which the body-frame translational accelerations are
transformed back into the inertial frame through R'? with
gravity added along 42z, the pitch rate is identically w,
and m = —T'/(golsp) as derived in Appendix B.8. The full
vector is then integrated forward using a fixed-step RK4

scheme at At = 1 ms.

B.8. Mass, CoG and Inertia Model

The fidelity of the simulation is enhanced by treating the
Mass, CoG and Inertia (MCI) as time-varying rather than
fixed at their wet-mass values. During the landing burn
the vehicle transitions from a wet mass of 78.286 kg to a
minimum achievable dry mass of 65.417kg, a 16.4% change
that is small but non-negligible given the sensitivity of the
LQR gains to The, = mg. Over the full 5-15s of powered
flight in a typical landing, continuous re-evaluation of the
mass-dependent terms prevents gradual accumulation of
model error that would otherwise appear as a slow thrust
trim bias.

The evolution of mass depletion is governed by
T
gOIsp

mh (33)

with T' the instantaneous thrust and I, = 180 s. The
propellant fraction « and the linearly-interpolated CoG
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station are
m — Mdry

v = (34)

Mapet — Mdry

200G = 2C0G 4py T V(2C0G e = 2C0Gary) (35)

For the purposes of this analysis the CoG is taken as co-
incident with the centre of mass (zcoq = zconm) [52], pro-
viding a single point through which gravity acts and about
which moments are summed. The CoG shift between wet
and dry states is approximately 13 c¢m, which produces a
10% swing in the gimbal moment arm Ly and a compa-
rable correction to the parachute pivot arm L,; both are
re-computed at every time step.

The inertia tensor is modelled as time-varying through
the cylindrical-shell approximations

I5(t)

- L

= Sm(t)L* + tm(t)(d/2)* (36)

L.(t) = §m(t)(d/2)* (37)

with I,,(t) = I(t) + m(t), L,(t)? providing the pendulum-
pivot inertia used in the angular-momentum check of Ap-
pendix F.1. Although I and I, could be held constant for
simplified analysis, the implementation allows these values
to update dynamically so that the LQR weight matrices
(re-solved off-line, Appendix D.2) remain within 2% of the
instantaneous optimal gains across the full mass range.

C.1. Wind Model

To validate the robustness of the TVC system, the sim-
ulation incorporates a multi-layered atmospheric environ-
ment composed of steady-state wind shear, discrete gusts,
and continuous stochastic turbulence. These components
are combined to determine the instantaneous relative ve-
locity acting on the vehicle, which directly influences the
aerodynamic drag and stability moments.

To prevent unrealistic initial transients at the com-
mencement of the simulation, all wind components are
linearly ramped from zero to their full calculated magni-
tude over the first two seconds of flight. The total wind
velocity components along the horizontal and vertical axes
are

Vw, = Umean, T Vgust, + Vturbd, (38>
Vwz = Umean. + Vgustz + Vturd, (39)
and the instantaneous relative velocity follows as
Urel, = Vz — Vw,y Urel, = Uz — Uy, (40)
— 2 2
vTElm,ag - vrelz + vrelz (41)

which is the primary input for all subsequent aerodynamic
force and moment calculations.

Wind shear: Due to surface friction, wind velocity is
non-constant with altitude. The mean horizontal wind is
modelled through a logarithmic power law

)VKC

with v,y the 10m reference wind speed and VKC = 0.143
the von Kdrmén constant for open terrain [35]. As h — 0
the background wind naturally dissipates toward zero,
avoiding the “lateral slide” artefact in which a low-altitude

h

10 (42)

Umean, = Uref (
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vehicle is carried sideways by a wind that does not physi-
cally exist near the ground [36].

Discrete gusts: Transient disturbances are modelled
using the MIL-F-8785C 1-cosine spatial profile [37], pro-
ducing a smooth velocity pulse as the vehicle traverses a
gust pocket of length L,,:

)} (43)

|

with vgyst, the peak magnitude, v, ,,, the nominal descent
speed that sets the traversal rate, and the bump active
only inside the time window tgyst < t < tgust+Lm/Vz nom-

Continuous Dryden turbulence: The Dryden tur-
bulence model is implemented following the NASA Lang-
ley LaSRS++ methodology [26][27]. The raw white-noise
input to each filter is scaled by the simulation time step
so that its spectral power is exactly unity before entering
the shaping filter:

W = no/7/ AL, W, =n.\/7/At

As the vehicle descends, the characteristic turbulence
scale lengths shrink according to MIL-F-8785B Planetary
Boundary Layer scales [37]:

27V, (E — tgust)
L,

Ugustp

2

Vgust,, (1) =

(44)

2/3

1/3
FAvhf/a

Lturb,z =1L Lturb,z =h (45)
The digitisation strategy is the critical point. NASA re-
search shows that using a First-Order Hold (FOH) on
uncorrelated white noise causes variance losses of 7-19%,
which would falsify the turbulence energy the controller is
tested against. Consequently the simulation uses a Zero-
Order Hold (ZOH) for the first filter stage, after which
the output is correlated and FOH is used for subsequent

stages without incurring variance loss.
The longitudinal gust is a single first-order low-pass

G.(s) = 46

)= (46)
[ 2,0 v

by = 0y ’7”“197 = _mag 47
7T'Lturb,ar: Lturb,;c ( )

The vertical gust is the second-order Dryden spectrum

_ 0_2 Lturbz 1 + 3(Lturb,ZQ/vma9)2
w TUmag [1 + (Ltursz/vma9)2] ’

P, () (48)

factored into a ZOH first-order stage driven by white noise
in cascade with an FOH first-order stage that introduces
the v/3 numerator term:

s+ \/gvmag/Lturbz
s+ Umag/Lturbz

G (s) (49)

Discretisation uses the NASA discrete algorithms with
ZOH constants C; = e~ C3 = (b/d)(1 — C;) and FOH
constants C; = e~ Cy = b/d + (1 — Cy)/(dAt) - (a —
b/d); C3 = (b/d)(1 - C1) — Cy. By updating b and d using
the instantaneous v,qg and h at every integration step
the simulation preserves turbulence energy across the full
flight envelope rather than assuming a single fixed oper-
ating point.
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The turbulence implementation was validated against
the NASA Langley LaSRS++ acceptance criteria [27]
across three metrics: zero-mean time-series, unity vari-
ance ratio against the specified o, and reconstruction of
the ideal Dryden PSD. Using a dataset of 6.1 x 107 sam-
ples sufficient to satisfy 95% confidence intervals on the
PSD reconstruction, the longitudinal component achieved
a mean of 0.002626 (target 0+0.003) and variance ratio of
1.0010 (target 1.000), and the vertical component a mean
of 0.001697 and variance ratio of 0.9943, both inside the
NASA-specified bounds. Figure 5 of the main report body
overlays the reconstructed and ideal PSDs on both linear
and log scales; their near-perfect agreement confirms that
the ZOH-first implementation preserves the low-frequency
energy where pendulum excitation concentrates.

C.2. Engine and TVC Model

The commanded thrust and gimbal angle (Temd,dcmad)
emitted by the controller are not realised instantaneously
at the nozzle. The Engine & TVC model captures the
dominant non-idealities of both subsystems, with param-
eters fitted directly to BristolSEDS Experimental Propul-
sion’s Engine-1 and the integrated Waxwing feed system
during the 2025 full-stack flight-qualification hotfire cam-
paign [38].

Liquid engine dynamics: The engine response is
characterised by three mechanisms. On receipt of a non-
zero thrust command, the engine produces no thrust for
an ignition delay t4e1qy = 20 ms, representing valve travel
and manifold priming. Once combustion is established,
an ignition pressure spike is modelled as an exponentially-
decaying overshoot:

S(t) =14 (Aspike _ 1)6_(t_tdela’y)/7—spike (50)

with Agpike = 1.1 the peak magnitude and Tgpige = 50
ms the decay time. Subsequent throttle changes follow a
first-order lag of time constant 7 = 50 ms:
Treq _ Ttarget - Tprev (51)
Tr
with the commanded rate clipped at the hard slew limit
Tmaz = 5000 N/s prior to integration. The 7p and
Trnas values were fitted to the 4% settling time and peak
chamber-pressure rate observed during the Engine-1 tests.
Gimbal actuator dynamics: The TVC assembly
redirects thrust through a commanded gimbal angle .,,q
subject to three mechanical constraints applied in cascade:
a first-order servo lag of time constant 75 = 20 ms, a slew-
rate limit 0,0, = 45°/s reflecting actuator torque limits,
and a hard angular saturation at §,,4, = 10° set by the
gimbal housing envelope. The combined update law is

).At

with the result subsequently clipped to +6,,42-

5target - 6prev 5
s Ymax
75

A = sat ( (52)

Together the engine and gimbal lags and rate limits de-
fine the actuator plant that the controller’s lead compen-
sation (§2.7.1) is designed to anticipate. Sustained gim-
bal saturation during high-rate disturbances is one of the
failure modes the hammer-override logic (§2.7.6) exists to
handle, and the near-universal transient saturation docu-
mented in Section 3.1.4.2 is the signature of the controller
correctly sizing its actuator authority for the observed dis-
turbance envelope.
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C.3. Sensor Model and Navigation

The state feedback reaching the Controller is not the true
plant state X but an estimate X produced by three cas-
caded subsystems: an Inertial Measurement Unit (IMU),
a Global Positioning System (GPS) receiver, and a com-
plementary filter that fuses them. All three were parame-
terised to match the avionics stack carried on Waxwing.

The IMU model reproduces the dominant non-idealities
of the on-board Murata SCH16T-K01 six-axis sensor [39].
On power-up the sensor applies a 250ms boot delay during
which no valid output is emitted, preventing the controller
from receiving uninitialised accelerometer readings during
the parachute-deployment transient. The accelerometer
model takes the true inertial acceleration from the plant,
rotates it into the body frame through the instantaneous
RP1(0), adds the body-frame gravity vector so that it re-
ports specific force rather than kinematic acceleration, and
finally applies sensor bias, Gaussian white noise, and hard
clipping to match the datasheet. The equivalent chain for
the gyroscope is

by = aB — gsind + by + ng\/1/At (53)
a, =aP +gcosh + b, +ng/1/At (54)
O =w+bg +ng\/1/At (55)

with bias b, = 0.0lm/s?, b, = 0.1°/s, noise densities
n, = 0.0008m/s?/vHz, n, = 0.0004°/s/v/Hz taken di-
rectly from the Murata datasheet, and hard clipping at
+80 m/s? and +300°/s applied to both channels before
output. Noise variance scales with y/1/At to preserve the
continuous-time power spectral density under the 1 ms
integration step.

The GPS model reproduces the u-blox MAX-M10S re-
ceiver [40] at a 10Hz update rate with a 1.0s hot-start
Time-to-First-Fix during which no position or velocity up-
date is available. Between update ticks the most recent
measurement is sample-and-held. Position and velocity
noise are applied as zero-mean Gaussians with standard
deviations at the datasheet Circular Error Probable (1.5m
horizontal, 2.0m vertical) and velocity accuracy specifica-
tion (0.05m/s). No multipath or ionospheric bias is mod-
elled, reflecting the short duration of the landing burn over
open terrain.

The navigation computer implements a GPS-aided com-
plementary filter that treats the IMU as a high-frequency
short-term source of truth and the GPS as a low-frequency
absolute correction. Position and velocity states are prop-
agated by integrating the de-biased IMU accelerations in
body axes and transforming back to the inertial frame,
then corrected by a weighted sum against the latest GPS
fix with weights of K,,; = 0.02 and K¢ = 0.05 per 100ms
GPS cycle. The attitude state is propagated by integrat-
ing the de-biased gyro, then corrected by an accelerometer
tilt measurement .. = arctan(a’°% /a%°%) with weight
Ky = 0.02. Critically, the accelerometer correction is
gated off whenever the measured specific-force magnitude
differs from g by more than 0.5textm/s?, which would in-
dicate either the landing burn is active (thrust dominates
specific force) or the vehicle is undergoing high-frequency
gust buffeting (non-gravitational specific force in the body
x axis). This gating ensures the tilt correction only op-
erates during the quasi-static canopy-borne descent where
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Figure 16: Navigation filter output (red dashed) overlaid on true plant state (black solid) for a representative L-
controller landing run. The complementary filter tracks horizontal and vertical position to within visible plotting
tolerance throughout descent, with velocity tracking similarly tight. Pitch and angular rate channels show the noise
injection most clearly during the high-rate damping phase (¢t ~ 5 — 20s, |w| > 100°/s), where IMU gyro noise and
accelerometer tilt-correction gating produce the visible jitter on the estimated pitch angle. After the controller arrests
the inherited pendulum oscillation (¢ > 20s) the filter converges back to near-truth tracking through the stabilisation
and flare phases. The brief divergence near t =~ 65 s coincides with the flare ignition transient where the gated tilt
correction is suppressed by the high specific-force magnitude during throttle-up.

Ouce =~ 0, and the filter relies on pure gyro integration
through the active-thrust phase.

Together the three subsystems introduce the sensor-
induced noise, bias, and latency against which the con-
troller’s lead compensation (§2.7.1) is calibrated. The
0.12s base lead time and the w-scaled extension to 0.22s
were selected to match the combined round-trip latency of
IMU acquisition (1 sample at At = 1 ms), complementary-
filter propagation (nominally zero but subject to 50Hz
control loop quantisation), and gimbal-actuator response
(75 = 20 ms plus up to 100ms of slew-rate-limited rise time
at full deflection).

D.1. Controller Architectures

The L controller of Section 2.7 was developed iter-
atively in dialogue with a more conservative variant,
denoted R, which shares the same phased-LQR back-
bone, identical @ and R weight matrices, identical ac-
tivation gates, and identical recovery-mode entry condi-
tions, but differs in six specific implementation choices
that together convert the controller from an aggressive
terminal-recovery scheme into a passive-fallback-biased
one. The L-R outcome comparison of Section 3.1.4.5
quantifies the consequences of these differences directly:
70 to 48% success, 23 to 0% spin, 7 to 52% OOS.
This appendix enumerates the differences and ties each
to its observed effect on outcome distribution. ”L”
and "R” names are purely how I classified them, "L”
standing for Lead-Neutral-Impact-Apex-Dual-Hysteresis-
Augmented Trigger and "R” for Reboot-Lead-Neutral-
Apex-Dual-Hysteresis-Augmented Trigger which doesn’t
mean much besides the author trying to come up with
professional-sounding names for controller archetypes.

1. Recovery-mode exit logic: The L controller exits the
predictive-recovery state under either of two condi-
tions: (i) attitude and rate return to the control-
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lable envelope (|6 < 15° A |w| < 10°/s), *or* (ii)
a time-to-impact estimate t;,p, = h/max(0.1, |vy|)
falls below 2.5 s. The R controller removes the sec-
ond clause entirely: once in recovery, it re-arms only
when the parachute has actually restabilised the air-
frame. The asymmetry is decisive: under L, a vehicle
still spinning at |w| > 10°/s at low altitude relin-
quishes control to the LQR and at least attempts a
non-ideal landing burn, whereas under R the same ve-
hicle holds zero thrust all the way to ground impact
at the parachute terminal velocity (7-9 m/s). This
is the single structural difference that produces the
L-R OOS-velocity-band signature in Figure 15: R-
controller OOS failures cluster at |v,| ~ 7-9m/s be-
cause the controller has elected to ride the parachute
to ground rather than fire a marginal LQR solution.
Hammer override removed. The L controller carries a
hard-coded thrust override that forces Te;mag = Trnas
whenever (Jw| > 30°/s Ah < 50 m) or v, < —12
m/s, prioritising raw deceleration authority over LQR
optimality during edge-case scenarios. The R con-
troller omits this override entirely; thrust is set ex-
clusively by the LQR feedback law throughout the
active-control window. The override is the dominant
contributor to the L controller’s spin tail: an aggres-
sive thrust spike during a high-rate low-altitude tran-
sient can amplify rather than arrest a developing ro-
tation if the gimbal is already saturated. Removing it
eliminates spin failures in the R batch (0 of 100), but
at the cost of leaving the controller with no recourse
against a high-sink-rate fault, which then manifests
as additional OOS landings.

. Damping-mode re-targeting under extreme rotation.

When the active mode is damping and |w| > 40°/s,
the L controller temporarily reassigns its target atti-
tude from 0, = Oppeq to Orcf = 6 (the current angle),
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Figure 17: Estimation residuals (filter output minus true state) across all six navigation channels for the run shown
in Figure 16. Position residuals remain bounded within +2 m throughout descent, well inside the GPS CEP of the
u-blox MAX-M10S with stationary noise statistics consistent with the 1.5m horizontal and 2.0m vertical position-noise
standard deviations applied at the 10 Hz GPS update rate. Horizontal velocity residuals stay within +0.5 m/s after
the initial transient, matching the datasheet velocity-accuracy specification. The vertical-velocity residual shows a
single-sample initialisation transient at ¢ ~ 0 (filter convergence from cold start) before settling to negligible error.
Pitch and angular rate residuals are dominated by the 0.1° /s gyro bias and the high-rate IMU noise during the damping
phase (t < 20s); after the controller arrests the rotation, both channels return to within £2° pitch and +1°/s rate,
confirming the complementary filter recovers cleanly once the tilt-correction gate re-activates in the lower-acceleration

regime.

so the LQR stops trying to steer the airframe back to
vertical and focuses purely on rate reduction. The R
controller does not perform this reassignment: even at
extreme rotation it continues to target the predicted-
vertical state, which means the LQR allocates a por-
tion of its actuator authority to attitude correction
that is physically futile against the inherited momen-
tum. Without this re-targeting, the R controller is
more likely to over-saturate the gimbal during se-
vere rotational transients, but it also makes the con-
troller’s behaviour more predictable and avoids the
L controller’s transient mode-switch which can occa-
sionally synchronise with the gimbal lag and induce a
small phase-driven oscillation.

Lead compensation: dynamic versus static. The L
controller scales its lead time with the instantaneous
angular rate, Tjeqq = 0.12 + min(0.10, |w| - 0.02) s,
ranging from 0.12 s at small rates to 0.22 s at high
rates. The R controller uses a fixed 7jeqq = 0.15 s.
The dynamic form gives L. more anticipatory author-
ity during high-rate excursions (where the actuator
lag of 70 + 75 + Ts =~ 90 ms compounds with the
descent dynamics), but couples the controller’s effec-
tive phase margin to a measured state, which is the
very state most contaminated by IMU noise during
high-rate transients. The static R value is robust
against gyro noise amplification at high |w| but under-
compensates the lag during the |w| > 60°/s regime
where it would matter most.

Apex-gate strictness.  The L controller’'s apex-
detection gate fires whenever h < hgemax and |w| <
3°/s, allowing activation anywhere in the descent be-
low the upper altitude limit. The R controller adds
a second altitude constraint requiring A > Rget,min
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(i.e. the gate fires only inside an explicit *window*
between the upper and lower altitude bounds) and
tightens the rate threshold to |w| < 2°/s. The R
apex gate therefore only activates when the controller
is genuinely catching the apex of a clean pendulum
swing in the intended altitude band, never by accident
at low altitude or during a still-energetic oscillation.
This trades a small loss of activation opportunity for
a guarantee that activation conditions are physically
clean.

. Engine-on hysteresis margin. The L controller de-
clares the engine “on” whenever Tyctyar > Tmin, With
no margin. The R controller adds a 50 N hysteresis
band: Tyctuar > Tmin + 50. This prevents engine-
state chatter near the minimum-thrust threshold dur-
ing throttle-down transients, and is the same logic
philosophy applied to the damping-mode hysteresis
(10°/s engage, 3°/s release) extended to the engine
state.

To summarise, very R modification is in the direc-
tion of reduced controller aggressiveness in favour of the
parachute-borne fallback. The result is a controller that
fails predictably and survivably (OOS at parachute termi-
nal velocity) rather than aggressively and catastrophically
(controller-induced spin). In a pure-PDG architecture this
would be a strictly inferior design, an OOS landing at 8
m/s under PDG implies hardware loss. Under the hybrid
architecture of this work, the parachute guarantees the
OOS velocity is survivable, which inverts the trade struc-
ture: R becomes the higher-reliability hardware-recovery
configuration even though it has the lower headline suc-
cess rate. The L-R Pareto discussion of Section 3.2.4 in
the main text develops the cost-trade implications of this
asymmetry.
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D.2. System Linearization and LQR Gain Synthe-
sis

The LQR weight matrices are solved against an 8-state

linearised plant augmented with the two actuator states

from Appendix C.2. Defining the control state

Xe = [N, h,vg,vn,0,w, AT, §]" (56)

where N = z! — x is downrange position relative to the
release point, h is altitude above ground, v, = —v! is
altitude rate (positive upward), AT = T — T, is thrust
error and ¢ is actual gimbal deflection, the linearisation
about hover (§ = 0,w = 0,AT = 0,6 = 0,7 = Thop =
m, g) yields the augmented state-space form %, = A, x. +
B,u. with u. = [AT,n4, 6ema]”. The non-zero entries of

A and B are:
0 0 1 0 0 0 0 0 ]
00 0 1 0 0 0 0
00 00 g 0 0 0
4 (0000 0 0 1/m 0
10 0 0 O 0 1 0 0
0 0 0 0 My/Liot O 0 Thov L[ Ttot
00 00 0 0 —1/rp 0
0 0 0 0 0 0 0 —1/75 |
(57)
- 0
0 0
0 0
0 0
B= 0 0 (58)
0 0
l/TT 0
L 0 1/7s]
where
My =-mglL,

Tiot = I + kua Ipp

The rows have direct physical interpretations. Rows 1-2
are the kinematic chain (N = v,,;h = v;). Row 3 cap-
tures the gravity—pitch coupling (0, = —gsinf = —gb)
together with the TVC lateral-force coupling through the
gimbal. Row 4 reflects that at hover a small thrust pertur-
bation produces an equal and opposite altitude-rate per-
turbation (05, = AT/m). Row 5 is the integrator relating
pitch to pitch rate. Row 6 is the dominant TVC control
torque about the pitch axis; the linearised A matrix in-
tentionally omits the small parachute restoring stiffness
because that term is already accounted for in the plant
and not needed for the controller’s internal model to be
stabilising. Rows 7-8 are the first-order actuator dynam-
ics of Appendix C.2.

The LQR gain K is obtained by solving the Algebraic
Riccati Equation

ATP+PA—PBR'BTP+Q=0

for the positive-definite P and then forming K =
R™!BTP. This is performed in MATLAB using ‘lqr(A,
B, Q, R)* which internally calls the Schur-decomposition
solver ‘care‘, three separate times to produce the stabilisa-
tion, damping and flare gain matrices Kqct, Kaamp, K fiare-
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D.3. LQR Weight Matrix Selection
The @ and R matrices were chosen using Bryson’s rule,
qi = 1/(Az;max)? and ri; = 1/(Auj,max)27 where
AZ; max 1s the maximum permissible excursion of state
i and Auj max the maximum desired actuator effort. This
produces gains in a natural dimensional ratio before any
manual tuning, with per-mode adjustments restricted to
the angular states that dominate the operational regime
of each phase.

Stabilisation mode (default branch, default target
Orer = 0; U ref = —8 m/s):

1/1002
1/100?
1/22
1/12
1/(2°)
1/(0.5°/s)?
1/1002
1/(1°)?

Qact = diag

Rger = diag(1073, 10) (60)

The thrust input weight 10~3 reflects that thrust com-
mands are cheap (~ kN range, permissible), while the
gimbal weight 10 penalises aggressive gimbaling to pre-
vent actuator saturation against the +10° envelope.

Flare mode (engaged at h < 25 m, target vy ref = —1.8
m/s):

1/100?
1/100?
1/22
1/0.22
1/(0.2°)2
1/(0.1°/s)?
1/1002
1/(1°)?

Qflare = diag

(62)

The key change is a 25x increase in vertical-velocity
weight (from +1 m/s tolerance to 0.2 m/s) and a 100x
increase in angular-state weights, reflecting the tight ter-
minal constraints of Section 2.1.

Rflare = Ract

Damping mode (engaged when |w| > 10°/s, released at
lw] < 3°/s):

1073
1073
1073
1073
1073
1/(0.1°/s)?
1/1002
1/(1°)?

Qdamp = dlag

Raamp = diag(1072, 1) (64)

All state weights except angular rate are set to negligible
values (1072), and R on the gimbal input is reduced by
an order of magnitude. The result is a gain matrix that
behaves as a pure rotational shock absorber, using the
full actuator envelope to kill angular momentum without
worrying about position, velocity or even attitude error.
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E.1. Passive-Plant Damping Extraction Method-
ology

The natural frequency, damping ratio and time-to-half-

amplitude reported in Section 3.1.1 were extracted from

the simulated passive pitch response (fig. 7) by the follow-

ing procedure.

1. Release the plant from 6y = 10°, wy = 0, no wind,
no control, and integrate for 50 s at At = 1 ms. The
resulting time series 6(t) is the raw under-damped
ring-down.

2. Detect peaks using MATLAB ‘findpeaks‘ with a min-
imum peak distance of 0.3 s and minimum ampli-
tude of 0.1° to reject noise. This yields a sequence
of (tx, Ox) local maxima and minima, of which only
the positive peaks are retained for the period and log-
decrement computations.

3. Fit an exponential envelope A(t) = Age *“»! to
the absolute peak amplitudes by linear regression of
log |0 | against t, with the slope giving the decay rate
Cw,, directly.

4. Compute the damped period as the mean peak-to-
peak interval T = mean(Aty), the damped natural
frequency as wq = 27/T, and the undamped fre-
quency as wy, = wg/+/1 — (2.

5. Compute the time-to-half-amplitude from the fitted
envelope as t;/o = In2/(Cwy,), and the 2%-envelope
settling time as tgettie 29 = In(50)/(Cwn)-

Two distinct statistical procedures are applied. The en-
velope decay rate (w, is bootstrapped by resampling the
peak sequence (ty,0y) with replacement N = 1000 times,
repeating the linear-regression envelope fit on each resam-
ple, and taking the [2.5%, 97.5%] percentiles of the result-
ing distribution as the 95% CT; the time-to-half-amplitude
CI is derived directly from this via 71,5 = In2/(Cwy).
The natural-frequency CI is computed parametrically as
T + 1.96SE(T) from the peak-to-peak period distribu-
tion, propagated to w, through w, = 27/T -1/4/1 — (2.
The amplitude-banded damping ratios Chign and (iow are
computed once on the top- and bottom-tercile peak sub-
sequences using the logarithmic-decrement formula ¢ =
§/v/4m? + 62, without resampling; their ~ 0.001 sepa-
ration is the more meaningful uncertainty signal here
than statistical sampling error, since it reflects physical
amplitude-dependence rather than peak-detection noise.

To test whether the damping ratio is amplitude-
dependent as the quadratic form of Eq. 8 predicts, the
positive-peak sequence was partitioned into top-tercile
(high-amplitude) and bottom-tercile (low-amplitude) sub-
sequences, and the log-decrement computation was re-
peated on each band separately.

To verify that the extracted modal parameters are prop-
erties of the plant itself rather than artefacts of altitude-
dependent forcing, the pitch ring-down was also visualised
against altitude (fig. 18). The trajectory traces a mono-
tonically contracting envelope from the 10° release down
to small-angle convergence near the ground, with constant
peak-to-peak period throughout the descent and no visi-
ble coupling between altitude and oscillation frequency.
The smooth funnel structure rules out altitude-dependent
stiffness or damping artefacts in the coupled-mass solution
and confirms that the modal parameters tabulated below
are characteristic of the plant rather than of the specific
drop trajectory.
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Figure 18: Passive pitch ring-down plotted against alti-
tude AGL, colour-mapped by descent time. Released from
0o = 10° at h = 400 m, the airframe traces a monotoni-
cally contracting envelope from +19° peak (immediately
following release transient) down to sub-degree oscillation
by touchdown. The constant peak-to-peak spacing across
the full altitude range and the smooth envelope contrac-
tion confirm the absence of altitude-coupled forcing arte-
facts, supporting the interpretation of the modal parame-
ters in Table E.1 as intrinsic plant properties.

The amplitude-banded damping ratios (nign = 0.0134
and (ow = 0.0145 are consistent with the quadratic-
velocity dependence of the body-relative damping inte-
gral (Eq. 8 of the main text): at larger swing ampli-
tudes, integrated local velocities along the airframe are
higher and the quadratic drag produces proportionally
greater dimensional resistive torque, which normalises to
a slightly lower dimensionless damping ratio. The 0.0011
difference between bands is small but consistent across re-
peated runs with different initial conditions, ruling out
extraction noise as the dominant source. The implied
simple-pendulum length of 0.54 m is much shorter than
the geometric 2.19 m pivot-to-CoG separation, confirming
that the apparent-mass and aerodynamic-stiffness contri-
butions dominate over the gravitational restoring torque,
consistent with the canopy-dominated coupled dynamics
established in §2.3.

E.2. Flight-Data Validation Metrics

The validation of the plant against 6DOF IMU telemetry
from the BristolSEDS Mach24 Blackbird flight [28] uses a
47s window starting 85s after launch, corresponding to the
fully-inflated main-chute descent phase. Because the flight
vehicle differs from the simulated Waxwing configuration,
the 6DOF flight tilt aggregates pitch, roll and yaw, and the
two signals are independent stochastic realisations driven
by different atmospheric noise sequences, the comparison
is framed around statistical and distributional equivalence
rather than deterministic agreement.

The flight tilt channel is low-pass filtered at 2Hz to reject
IMU noise without attenuating the sub-1 Hz pendulum
band of interest. The simulated pitch is taken as |6] to
match the flight signal’s magnitude form. Both signals
are de-trended to zero mean before spectral analysis.

Power spectral densities of both signals were computed
using Welch’s method with Hann-windowed segments of
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Table 8: Passive modal characterisation.
procedure produced them; entries marked “—

2

Confidence intervals are reported only where the underlying statistical
use point estimates from a single fit on the full or banded peak

sequence.

Parameter Value 95% CI Source

Natural frequency wy, 4.264 rad/s [4.245, 4.283] parametric SE on period
Natural frequency f, 0.679 Hz [0.676, 0.682] parametric SE on period
Damping ratio ¢ (high-amp) 0.0134 — log-decrement, top tercile
Damping ratio ¢ (low-amp) 0.0145 log-decrement, bottom tercile
Damping ratio ¢ (full range) 0.0143 — log-decrement, all peaks
Logarithmic decrement § 0.0901 — full-envelope mean

Time to half-amplitude 7y /2 11.084 s [10.929, 11.347] bootstrap on envelope decay rate
2%-envelope settling time ¢, 62.559 s — In(50)/(Cwn)

Implied simple-pendulum length L 0.54 m — g /wi

length N = 8 fs samples and 50% overlap. Figure 19
overlays the two spectra on log-log axes spanning the full
IMU bandwidth, with the 0.3-2Hz canopy-pendulum band

shaded.
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Figure 19: Power spectral density comparison of simulated
pitch (orange) and flight tilt (blue) across the 0.05-20Hz
band. The shaded region (0.3-2Hz) marks the canopy-
pendulum band of interest. Both signals concentrate en-
ergy in this band, the simulation peaking at 0.61Hz and
the flight at 0.37Hz, with the offset consistent with ge-
ometric and configurational differences between the two
platforms (§3.2.2). Roll-off rates above 2Hz are visibly
comparable. Below 0.3Hz both spectra flatten as the de-
trending procedure removes long-period drift.

Two distinct families of spectral comparison metrics
were computed; their interpretation differs and both are
reported for completeness.

Distributional metrics: dominant frequency, RMS am-
plitude, variance ratio, autocorrelation time. These char-
acterise the bulk statistics of each signal independently
and compare them. These are the appropriate metrics for
validating that two stochastic processes are of the same
kind, irrespective of whether their specific time-series re-
alizations are correlated.

Pointwise metrics: magnitude-squared coherence,
log-PSD R2?, Kolmogorov-Smirnov test, peak cross-
correlation. These measure deterministic relationships be-
tween paired signals. These are the appropriate metrics for
validating that one signal predicts another. They are re-
ported here for completeness but are not the primary vali-
dation criterion: the simulation and flight signals are inde-
pendent realisations of similar stochastic processes driven
by different atmospheric noise sequences and recorded on
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different vehicles, so deterministic agreement is neither ex-
pected nor required for the validation argument of Sec-
tion 3.1.2 to hold. Two indepThe distributional metrics
support the Section 3.1.2 validation argument: both sig-
nals occupy the same canopy-pendulum frequency band
(0.3-1Hz), with comparable RMS amplitudes, comparable
variance, and an autocorrelation-time ratio that matches
the 3D-to-1D aggregation effect. The dominant-peak off-
set, RMS difference, and variance ratio all are more con-
servative since the simulation represents a harsher distur-
bance environment than the reference flight, so a controller
tuned against it carries margin when deployed against the
real-vehicle response.

The distributional metrics support the Section 3.1.2
validation argument: both signals occupy the same
canopy-pendulum frequency band (0.3—1Hz), with com-
parable RMS amplitudes, comparable variance, and an
autocorrelation-time ratio that matches the 3D-to-1D ag-
gregation effect. The dominant-peak offset, RMS differ-
ence, and variance ratio all are more conservative since the
simulation represents a harsher disturbance environment
than the reference flight, so a controller tuned against it
carries margin when deployed against the real-vehicle re-
sponse.

The pointwise metrics confirm what the comparison’s
design implies: the two signals are independent stochastic
realisations of similar processes, not deterministic predic-
tions of one another. Low coherence and negative log-PSD
R? indicate that the simulation cannot reproduce the spe-
cific flight tilt time series but doing so was never the goal
because the simulation is driven by an independent NASA-
Langley-validated turbulence noise sequence (§2.4) rather
than the actual atmospheric realisation experienced by the
reference flight. The K-S test rejects exact distributional
equivalence with high confidence, again as expected for
two independent stochastic processes from different vehi-
cles. None of these results challenges the validation argu-
ment, which rests on the class of dynamics being correctly
captured rather than on point-wise prediction.

E.3. Propellant Consumption Statistical Analysis

The statistical comparison of propellant consumption be-
tween the 25m and 10m flare altitudes (fig. 13 of the main
text) uses two independent Monte Carlo batches: 300 runs
of the L controller at a 25m flare and 100 runs of the L con-
troller at a 10 m flare, under identical vehicle, controller
and atmospheric parameters with only the flare-trigger al-
titude changed.
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Table 9: Quantitative validation metrics across the 47s comparison window.

Metric Value Interpretation

Distributional

Dominant frequency, simulation 0.610 Hz Both inside the 0.3-2 Hz canopy-pendulum band; offset attributable to
vehicle configuration.

Dominant frequency, flight 0.366 Hz

Frequency error 66.7% Bounded by geometric difference between platforms.

RMS amplitude, simulation 15.99° Simulation slightly higher; conservative direction for controller valida-
tion.

RMS amplitude, flight 11.49°

RMS amplitude error 39.1% Within validation band; sim is harsher disturbance.

Variance ratio (sim/flight) 1.94 Within factor of 2; conservative direction.

Autocorrelation time, simulation 0.31s Ratio ~3:1 consistent with 3D-to-1D aggregation of three rotational
DoF in the flight signal.

Autocorrelation time, flight 0.98 s

Pointwise

Mean coherence (0.3-2 Hz) 0.103 Low by construction: independent noise realisations.

Log-PSD R? (0.1-3 Hz) —0.65 Spectra diverge in shape; expected for different vehicles.

Peak cross-correlation 0.154 Low; signals are not deterministically related.

Peak cross-correlation lag 9.18 s Non-physical; confirms independent realisations.

K-S statistic 0.106 Distributional shapes differ;

K-S p-value <107* rejecting deterministic equivalence as expected.

Table 10: Per-batch summary of landing mass and pro-
pellant fractions.

estimator. Starting from the full N = 300 run pool, the
cumulative success rate p(n) = k(n)/n was computed for

Mass frde= 1,2,...,300, where k(n) is the number of successful

tandings observed in the first n runs.

14.4%The 95% Wilson-score CI was computed at each n

Batch N  Mean [kg] SD [kg] Median [kg]
25 m flare 300 12.63 4.35 12.41
10 m flare 100 11.24 3.90 11.02
Difference ~ — —1.39 — —1.39

The two-sided Welch’s t-test was selected because the
batch sizes and variances differ. The test statistic is

T1— T2

= e = 2.99 (65)
V3 n1 + s3/ns
dfwelch =~ 184.4, p = 0.003 (66)

confirming statistical significance at the conventional o =
0.05 threshold. The 95% confidence interval on the mean
difference, computed as T — Tz £ 1¢.975, SE, is [0.47,,2.30]
kg. Cohen’s d effect size: Using the pooled standard de-
viation

T1 — X2

d=
V(1 = 1)st + (n2 — 1)s3)/(n1 + 12 — 2)

=0.34

(67)

This is a small-to-moderate effect size by Cohen’s con-
ventional thresholds (d < 0.2 small, 0.2 < d < 0.5 mod-
erate, d > 0.8 large). This means the altitude reduction
produces a real and statistically significant propellant sav-
ing but it is modest in the context of per-run variability
(0 = 4kg) which is dominated by atmospheric disturbance
realisation rather than controller choice.

A chi-squared contingency test of the outcome classifi-
cations (success / OOS / spin) between the two flare al-
titudes showed no significant difference (x? = 1.84,,df =
2,,p = 0.40), confirming that the propellant reduction is
achieved without measurable change in success rate.

E.4. Monte Carlo Convergence
The sample size for the primary L-controller batch was jus-
tified by explicit convergence analysis of the success-rate

1 %ﬁ&uher than the simpler normal-approximation CI, because

Ison-score remains accurate at small n and at propor-
tions far from 0.5. The Wilson interval centre and half-
width are

. k+2%)2
P="1r (68)
__E 2y 5(1 — p) (69)

with z = 1.96 for 95

The success rate converges to a final value of po, = 69.7
(209 of 300 successful landings). The cumulative estimate
p(n) enters and remains within +5 percentage points of
Do by m = 31, indicating that the central tendency is
well-resolved with relatively few samples. The 95% CI
half-width contracts from approximately +15% at n = 50
to +7.2% at n = 150, +5.7% at n = 250, and converges to
+5.2% at n = 300. The convergence behaviour is shown
in Figure 20. The early stabilisation of p(n) at n = 31
should not be interpreted as adequate evidence for a 30-
run Monte Carlo batch. Point-estimate stability indicates
that the central value is unlikely to drift further with ad-
ditional samples, but the 95% CI half-width at n = 31
remains approximately £16 percentage points which is far
too wide to support fine-grained claims about controller
performance. The 300-run batch is justified not by the
need to determine where p lies (which is clear by n = 50)
but by the need to bound it tightly enough to support com-
parisons such as the L-R chi-squared test of Appendix E.6
and the propellant-comparison Welch’s ¢-test of Appendix
E.3.

The 100-run R-controller batch yields a wider +9.8%
half-width on its own success-rate estimate, which remains
sufficient to reject the null hypothesis of equal L /R perfor-
mance at p < 0.001 (Appendix E.6) but does not support
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Figure 20: Convergence of the L-controller success-rate es-
timator. The cumulative estimate p(n) (orange) is plotted
against run count, with the 95% Wilson-score CI (shaded
band) tightening as n grows. The dashed horizontal line
marks the final estimate po, = 70%; the vertical dotted
line marks the stabilisation point at n = 31, beyond which
p(n) remains within £5% of po. The 300-run batch size
delivers a final 95% CI half-width of +5.2%, sufficient for
the precision claims of §3.1.4.

fine-grained claims about the R-controller success rate to
better than 10% precision. The smaller batch was deemed
acceptable for the comparison purpose because the L-R
difference is much larger than the R-controller’s individ-
ual sampling uncertainty (22 percentage points versus a
9.8% half-width), and an additional 200 R~controller runs
do not change the qualitative conclusion of 3.1.4.5.

E.5. Failure-Mode Logistic Regression

The failure-predictor analysis of Section 3.1.4.4 fits a lo-
gistic regression of binary failure (1 = OOS or spin, 0
= success) against two candidate predictors evaluated at
the instant of LQR activation: attitude |6¢yigger| (degrees)
and angular rate |wirigger| (degrees/s). Trigger-state vari-
ables are used in preference to peak values throughout
descent to isolate the controller’s *inherited initial condi-
tion* rather than its post-activation dynamics. The ac-
tivation instant is detected behaviourally as the first sus-
tained non-zero gimbal command (;0.5° sustained over 100
ms), avoiding dependence on logged controller flags.

The full 300-run L-controller batch contributes 209 suc-
cesses (69.7%) and 91 failures (30.3%). Outliers above
the 98th percentile of |04rigger| OF |Wirigger| are excluded
from the regression to prevent leverage effects from a small
number of extreme trigger states, leaving 289 runs in the
fit.

The logistic model is

P(fail)

1 P S,
%8 1 P(fail)

= ﬂO + 69 |etrigger| + ﬁw |Wtrigger‘ (70)

fitted by maximum likelihood using MATLAB’s ‘fitglm*
with binomial distribution and logit link.

Raw coefficients (per unit of predictor) and standard-
ised coefficients (per one standard deviation of predictor)
are reported below. The standardised form makes the rel-
ative predictive importance of the two predictors directly
comparable on a common scale.

The likelihood-ratio test against the constant-only null
model rejects with x2(2) = 17.7, p = 1.4 x 10~%, confirm-

ing the joint predictors carry significant information about
failure outcome. The angular-rate coeflicient is highly sig-
nificant individually (p < 1073); the attitude coefficient is
not (p = 0.221). The standardised coefficients (5 = 0.46
vs B = 0.17) show that angular rate at trigger dominates
attitude by a factor of approximately 2.7 in predictive con-
tribution. Controlling for angular rate removes essentially
all of the predictive value of attitude, consistent with the
near-horizontal P = 0.5 boundary visible in the failure-
probability surface (fig. 14).

The training-set ROC AUC is 0.668, the McFadden
pseudo-R? is 0.052, and the Nagelkerke pseudo-R? is
0.086. The Hosmer-Lemeshow goodness-of-fit test returns
x2(8) = 5.32, p = 0.72, indicating no significant lack of
fit and that the model is well-calibrated to the observed
failure frequencies across the predictor range. The mod-
est AUC and low pseudo-R? values together indicate that
trigger-state angular rate is the single dominant predictor
that can be extracted from the activation snapshot alone,
but a substantial fraction of failure variance arises from
post-activation atmospheric disturbances (gust sequences,
late-arriving turbulence) that the trigger state cannot an-
ticipate. This is consistent with the Section 3.1.4.4 fram-
ing that the 30% failure margin is divided between inher-
ited momentum (captured here) and downstream stochas-
tic disturbance (not captured), with this regression bound-
ing the inherited-momentum contribution.

The P = 0.5 contour follows

_ BO + 50 |9t7‘igger|
|wtrigger|‘P=0.5 - = ﬂ
w

which evaluates to 118.5°/s at |firigger|] = 0 and slopes
gently downward to 68.3°/s at |0igger| = 30°, reproduc-
ing the boundary visualised in Figure 14.

E.6. Controller Architecture Chi-Squared Com-
parison

The L-controller (300 runs, 25m flare) and R-controller

(100 runs, same flare) outcome distributions were tested

for equivalence using Pearson’s chi-squared test of inde-

pendence on the 3-category contingency table.

(71)

Table 12: Observed contingency table for landing out-
comes.

Controller Success OOS Spin Total

L controller 210 22 68 300

R controller 48 52 0 100

Total 258 74 68 400
Table 13: Expected counts under the independence

null hypothesis, computed as E;; = (row total); x

(column total),;/(grand total)

Controller Success OOS Spin
L controller 193.5 55.5 51.0
R controller 64.5 18.5 17.0
Test statistic:
O.:; — E.:)?
= Oy — By)” Y 4" _ 100,18 (72)
ij

ij
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Table 11: Multiple regression results for landing performance coefficients.

Coefficient Raw estimate SE t-statistic Std. estimate p-value
Bo (intercept) —1.621 0.251 —6.45 — 1.1 x 1071
Bo (per deg) 0.0229 0.0187 1.22 0.169 0.221
B (per deg/s) 0.01368 0.00405 3.37 0.455 7.4 %107

df =3-1)(2-1) =2, p< 1071 (73) coupling degrades faster than the pitch-state observation

The null hypothesis of identical outcome distributions is
rejected at any conventional significance level. The R con-
troller is not merely a weaker version of the L controller:
its 22-percentage-point reduction in success rate is redis-
tributed into OOS failures and away from spin failures,
confirming the architectural interpretation of Section 3.2.4
that the L/R trade is structurally a Pareto shift of failure
modes rather than a uniform scaling of reliability.

All expected counts exceed 5 (minimum 17.0 in the R-
spin cell), satisfying the standard rule-of-thumb minimum-
cell-size requirement for the chi-squared approximation to
be valid. No correction (e.g. Yates’ continuity correction
or Fisher’s exact test) is required.

The peak attitude reached by L-controller spin runs
has a median of ~ 2900° and a maximum of ~ 5400°.
These spin events are not borderline tumbles but multi-
revolution catastrophic rotations (8-15 full revolutions be-
fore hitting the ground). This separation between OOS
(near the 5° boundary) and spin (thousands of degrees)
confirms that the three-category outcome classification re-
flects a genuine physical discontinuity in failure modes
rather than an arbitrary thresholding of a continuous dis-
tribution. The inset histogram in Figure 15 of the main
text visualises this distribution on a log scale.

F.1. Linearisation Validity Analysis

The LQR gain calculation (Appendix D.2) assumes the
small-angle approximations sinf =~ 6, cosf 1, and
rigid-body angular momentum Jw as a proxy for the full
coupled-mass momentum. §3.2.6 of the main text argues
that the controller’s P = 0.5 failure boundary coincides
with the regime in which these approximations themselves
lose accuracy. This appendix quantifies that claim.

~
~

Table 14: Relative error of small-angle approximations for
sinf ~ 6 and cosf ~ 1.

0 [deg] Is\i;:;f‘ 'T‘ZZZEE‘
5° 0.13% 0.38%

10° 0.51% 1.54%

15° 1.15% 3.53%

20° 2.06% 6.42%

25° 3.25% 10.4%

30° 4.72% 15.5%

45° 11.1% 41.4%

60° 20.9% 100%

The sin approximation retains sub-5% error up to |0 ~
30° and sub-20% error to |#] ~ 60°; the cos approxi-
mation degrades considerably faster, exceeding 15% by
|#] = 30° and reaching 100% relative error at |6] = 60°
(where cos § = 0.5 and the unit-approximation has half the
true value). The asymmetry matters because the body-
to-inertial transformation in Appendix B.1 weights both
terms, so the controller’s effective view of gravity-pitch
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alone would suggest.

The rigid-body angular momentum Jw underestimates
the true coupled-mass moment by a factor of (1+ag4/Is+
a1 L2/1,) =~ 5.7 in the canopy-dominated regime, inde-
pendently of angular rate. At small rates this scaling is
absorbed into the LQR gain calibration and has no ad-
verse effect since the controller solves the Riccati equa-
tion against a plant model whose moment-arm calibra-
tion matches the true plant in the linear regime. The
nonlinearity enters through two distinct mechanisms not
represented in the linearised A-matrix of Appendix D.2:
the v|v| dependence of the body-relative damping inte-
gral (Eq. 8), which the controller treats as a linear —cw
term, and the cross-product structure of the Munk mo-
ment Tunk = —(azs — a11)vBv8, which grows quadrat-
ically in body-frame velocity components and is treated
as zero by the linearised model. Both terms are negligi-
ble in the small-amplitude regime where vZ ~ 0 and w
is bounded, but become first-order contributions to the
moment balance once the airframe is rotating fast enough
that wL, dominates the body-frame transverse velocity.

The trigonometric and dynamic nonlinearities both be-
come controller-relevant in the same broad regime of pitch
angles above ~ 30° and angular rates above ~ 80-100°/s,
in which the LQR is acting on a substantially incorrect
internal model of the plant. The logistic-regression failure
boundary identified in Appendix E.5 falls at |wirigger| &
119° /s with shallow 6-dependence, sitting comfortably in-
side the regime where both approximation classes have
degraded by tens of percent. The coincidence is qual-
itative rather than precisely numerical, but it supports
the Section 3.2.6 interpretation that the controller’s fail-
ure envelope is set by the fidelity of its own internal model
rather than by actuator saturation or disturbance magni-
tude. The implication for future work is that an MPC
or feedback-linearisation architecture retaining accuracy
beyond the small-angle regime would directly address
the dominant failure mechanism, whereas atmospheric-
robustness improvements would not.

G.1. Propellant Requirement for Pure Powered-
Descent Recovery

The factor-of-three propellant saving cited in Section 3.2.5
compares the observed hybrid-architecture propellant con-
sumption (mean 12.63 kg, Appendix E.3) against the
propellant required for the same vehicle to execute a
precision-controlled powered-descent recovery from the
bare-airframe terminal velocity, with no parachute de-
ployed at any altitude. This appendix derives the ballpark
40 kg figure quoted in the main text.

The body drag coefficient Cg poqy = 1.2 used in the plant
model (Appendix B.6) is the crossflow value, applicable
to a cylinder rotating sideways through the air, and is the
appropriate choice for the body-relative damping integral.
For a hoverslam analysis the relevant value is the *axial*
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Table 15: Operational reserves and propellant multipliers for Powered Descent Guidance (PDG).

Reserve Multiplier Justification

Divert margin 1.30 Correction for off-nominal initial conditions, wind drift accumulated during
the high-velocity descent, and navigation error; standard PDG practice [10].

Terminal soft-flare 1.10 Final 5-10 m flown at low thrust with active throttle modulation; cannot be
captured in constant-thrust analysis.

Throttle-down I, losses 1.05 Empirical loss of ~ 5% in effective I, when the engine is throttled below 30%
capacity for terminal-phase precision.

Combined factor 1.50

drag coefficient, which describes the bluff-body resistance
of the airframe descending engine-first along its longitu-
dinal axis. NASA Glenn’s reference data place a typical
axial Cy for slender model rockets at approximately 0.75 in
nose-first flight (from NASA Glenn reference drag data).
Tail-first descent — as required for any hoverslam, since
the engine must point downward to brake — adds signif-
icant base drag from the bluff aft surface (engine bell, fin
roots), raising the effective coefficient to approximately
Cd,aziar =~ 1.0, which is adopted as the reference value
below.

Reference scenario: Without a canopy, the bare air-
frame descends under gravity and body drag alone. The
drag-balance terminal velocity, with Cgqzia = 1.0 and
Abody = 7Td2/4 = 0.0314m2, is

/ 2mg
Vterm = 4| ———— ~ 200 m/s 74
‘ P Cd,aa:ial Abody / ( )

which the vehicle reaches within approximately 25s of
free fall, traversing the first 1.5km of descent. With no
parachute deployed at any altitude, this is the velocity
the vehicle is descending at when the landing burn must
arrest its motion. The PDG comparison is therefore a sin-
gle controlled hoverslam from v¢ery, to soft touchdown. A
naive minimum-propellant solution is a maximum-thrust
suicide burn at T' = T,4., which arrests vierm = 200m/s
in 3.7s over 370m for a Tsiolkovsky-minimum m, ~ 9kg.
This figure is misleading as a precision-PDG benchmark
for three reasons. First, control authority requires thrust
headroom above hover for divert manoeuvres; without it,
any horizontal velocity component carried into the burn
cannot be cancelled. Second, the engine of Appendix C.2
has a 50:1 throttle range (Tynin = 100N to T)yq. = 5000N)
that supports deep throttling for altitude and velocity pre-
cision, and a precision lander uses this range rather than a
single thrust setting. Third, the slender high-fineness-ratio
airframe with a £10° gimbal envelope has limited lateral
authority, so the vertical thrust component must be mod-
erated to keep lateral acceleration capability within useful
bounds.

The operational benchmark for this regime is the
SpaceX Falcon 9 booster landing burn. Its Merlin 1D
engine throttles to 40% of maximum thrust, with a single-
engine sea-level thrust at minimum throttle of approx-
imately 338 kN against a typical landing mass in the
25-28t range, giving an end-of-burn T/W of 1.2-1.4 (from
public Merlin 1D specifications). Falcon 9 thus oper-
ates a controlled hoverslam at the lower end of the deep-
throttle envelope precisely to retain divert authority and
avoid uncontrolled deceleration. A representative & = 1.4
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is adopted here as the equivalent assumption for the
Waxwing PDG comparison.

For a constant-thrust burn arresting vie,m at average
T/W ratio &, the kinematics give

Vterm

Onet = (Oé - 1)97

tburn - (75)

Qnet

(76)

A'Uthlrust =ag thurn = Vterm ﬁ

Substituting vterm = 200 m/s and & = 1.4:

et = 3.92 m/5%,  toun = 51.08,  Avgnruss = 700 m/s

(77)
of which the gravity-loss component is ¢ - tpymn = 500
m/s, approximately 71% of the total engine Aw. This

is the inherent cost of precision PDG: the same low T/W
that buys controllability extends burn duration and accu-
mulates gravity losses. A naive suicide burn avoids this
penalty by completing the deceleration in 3s rather than
51s, but at the cost of forfeiting precision control authority
entirely.

Tsiolkovsky propellant mass: The base propellant
required to deliver Avgpust = 700 m/s with exhaust veloc-
ity ve = go Isp = 1766 m/s and dry-landed mass m; = 65
kg is

My pase = my (A0t 1) x 32k (78)
Applying the combined operational reserve factor:
mp,tota] =32-1.50 =47 kg (79)

which is rounded to 40kg as referenced in Section 3.2.5.

The hybrid architecture’s parachute performs the equiv-
alent of the entire 51-second high-gravity-loss braking
phase passively, for the fixed 3.5kg parachute hardware
mass of Appendix B.3, while the LQR consumes propel-
lant only during the final 25m terminal flare. The com-
parison is therefore

mMp PDG
TMp, hybrid

~ 3.2 (80)

The more nuanced framing is that the hybrid converts
a bHl-second, gravity-loss-dominated, controlled-descent
burn into a 5-second, gravity-loss-bounded terminal-flare
burn, and pays for this conversion with 3.5kg of parachute
hardware that would otherwise have been some tens of
kilograms of propellant.

This is an extremely rough estimate built on multiple
assumptions such as the axial drag coefficient, the cho-
sen control T/W, the operational reserve factor, and the
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simplification of the descent to a constant-thrust hover-
slam and should be read as an order-of-magnitude indica-
tion rather than a precision figure. However, since the
hybrid’s 12.6kg consumption is itself not optimised for
minimum fuel burn (the L controller prioritises terminal-
state precision and includes the hammer override and large
flare margins of Section 2.7), the comparison is fair: both
sides carry conservative operational realism, and the re-
sulting factor-of-three-to-four saving reflects an architec-
tural rather than tuning-driven advantage.
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